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Abstract

Quantum dots are small conducting islands that can often be usefully modeled as
tiny capacitors. Though classical charging models can explain the Coulomb blockade of
an isolated dot, they must be modified to explain the Coulomb blockade of dots coupled
through the quantum mechanical tunneling of electrons. This thesis presents quantum
mechanical models for pairs of tunnel-coupled dots and uses these models to follow the
coupled-dot blockade as it evolves from that characteristic of two isolated dots to that
characteristic of a single composite dot. The primary aim is to find the relation between
two quantities: the fractional peak splitting f and the dimensionless interdot channel
conductance g, both of which go from 0 to 1 as the isolated-dot blockade changes into
the composite-dot blockade.

The thesis begins with Chapter 1, which introduces coupled quantum dots and the
Coulomb blockade and highlights the contents of the succeeding chapters.

Chapters 2 a,nd‘ 3 present a transfer-Hamiltonian model for weakly coupled dots and
a one-dimensional backscattering model for strongly coupled dots. The leading and
subleading terms in the weak- and strong-coupling expressions for f as a function of
g are derived. The weak-coupling calculation is performed via Rayleigh-Schrodinger
perturbation theory about the endpoint (g, f) = (0,0). The strong-coupling calculation
employs the bosonization approach about the endpoint (g, f) = (1,1). The results show
substantial dependence on the number of interdot tunneling channels Ng,.

Chapter 4 goes beyond the work of Chapters 2 and 3, which rely upon the assump-
tion that tunneling and backscattering amplitudes can be treated as energy-independent.
Chapter 4 shows that, for realistic interdot barriers, the energy dependence of these am-
plitudes results in corrections of order U,/W, where U, is the energy cost associated with
moving electrons betwe(;n the dots and W is the energy scale over which transmission

through the barrier varies significantly.
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“Ah, you’re moralizing. Compared to physics, that’s called boring.”

—the Marquise in Fontenelle’s Conversations on the Plurality of Worlds [1]
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Chapter 1

Introduction

The continued push for smaller and smaller electronic devices has led to the fabrica-
tion of submicron structures that are large on the scale of individual atoms but small
enough that their quantum mechanical nature cannot be ignored. Modern lithographic
techniques have permitted the creation of controllable artificial atoms or quantum dots,
small conducting islands with discrete quantum eigenstates onto which experimentalists
can put one electron at a time. By straddling the limits of quantum mechanical micro-
scopics and classical macroscopics, such mesoscopic systems present physicists with a
new array of challenges and opportunities. The capacity to construct a series of systems
that interpolates between the macroscopic and microscopic limits forces researchers to
come up with models and techniques that can effectively describe the gray areas in
which classical and quantum mechanical approaches meet—in which, loosely speaking,
h is neither zero nor one. The intermediate regime that mesoscopics occupies is almost

inherently uncomfortable for physicists, who tend to prefer working via perturbation

theory about the most extreme limits imaginable. Nevertheless, with care and patience,

useful models can be constructed, and this thesis attempts to illustrate the potential
for progress by presenting quantum mechanical models for the Coulomb blockade of

systems of tunnel-coupled quantum dots. These models are intended to elucidate a key
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issue in the world of quantum confinement—the question of how two isolated systems,
with occupation numbers n; and n, that are both good quantum numbers, can evolve
into a single well-connected supersystem, for which only the total number of electrons,
Niot = (n1 + n2) is a good quantum number.

In order to expedite the reader’s assimilation of the information in this thesis, this
chapter seeks both to introduce and to summarize the key points and concepts that lie
around and within the detailed calculations that follow. As there are now a number of
serviceable reviews of the general field of mesoscopic physics [2, 3, 4, 5] as well as the
more specific subfields of single-electron tunneling [6, 7, 8, 9, 10, 11, 12, 14, 13, 15, 16]
and quantum dots [17, 18, 19, 20, 21, 22], this chapter only covers the portions of these
fields that are necessary to appreciate the contents of Chapters 2 through 4.

The design of the chapter is as follows. In Sec. 1.1, quantum dots are described, and
the length and energy scales that characterize their physics are discussed. In Sec. 1.2, the
phenomenon of the Coulomb blockade is presented, along with its orthodox explanation
through a capacitive charging model. In Sec. 1.3, experimental observations of the
Coulomb blockade of coupled quantum dots are reported, and the need to go beyond a
narrowly capacitive model is observed. Sections 1.4 and 1.5 outline the structure and
implications of quantum mechanical models for dot systems in which electron tunneling
and backscattering are crucial components. Section 1.6 improves upon the results of
the preceding sections by introducing a model that takes into account the finite nature
of the potential barrier between the dots. In Sec. 1.7, the chapter is reviewed and the

remainder of the thesis is outlined.
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1.1 Defining Quantum Dots

1.1.1 Dot Apologia

To this point, the reader has been led to believe that this paper is concerned with
quantum dots (QDs). In fact, this is less than half (or perhaps more than double) the
story. The research presented in Chapters 2 through 4 is more properly described as
concerned with large planar quantum dots (LPQDs), a somewhat awkward combination
of words that this section seeks to render meaningful. The strategy for characterizing
LPQDs consists of two parts. First, we present a theoretical conception of the large
planar quantum dot—the quantum dot Idea [23]—which is based upon a particular mix
of length and energy scales. We then discuss the empirical quantum dot, describing
the primary sort of experimental system that affords concrete realizations of the LPQD

idea.

1.1.2 The Quantum Dot Idea

A large planar quantum dot is a conducting island formed by laterally confining a region
of a two-dimensional electron gas (2DEG). The characteristic vertical width w of the
dot is that of the 2DEG itself and is less than one Fermi wavelength Ap, where the
Fermi energy Er accounts for only the energy of the lateral degrees of freedom. Thus,
the degrees of freedom corresponding to the vertical dimension can be ignored because
the electrons within both the dot and the surrounding 2DEG are restricted to the lowest
vertical quantum level. The LPQD is planar.

The LPQD is a dot, however, because it represents only a discrete portion of the
2DEG, and it is a quantum dot because its characteristic lateral dimension Laot is much
less than the phase decoherence length £, over which the individual electronic wave-
functions decohere. The decoherence length diverges as the temperature of the system

goes to zero, and, therefore, the assumption Lgos < £y is at least always theoretically
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achievable in the zero-temperature limit (kg7 — 0).

What remains to be explained is what makes the LPQD large. Quite simply, it is
large because the dot length Lgo is much greater than the Fermi wavelength Ap. The
average level spacing § of the dot’s single-particle eigenstates is therefore much less than
the Fermi energy Er, and, hence, the number N of electrons on the dot is much greater
than 1. We are particularly concerned with dots for which NV equals a few hundred.

The explanation of the phrase large planar quantum dot is summarized by the fol-

lowing hierarchy of length scales:
W < AF <€ Laot < £ . (1.1)

LPQDs can also be characterized by a ladder of energy scales. We have already
encountered two such scales, the average level spacing 6 and the much larger Fermi
energy Ep. Corresponding to the vertical height w of the 2DEG, we have a third energy
scale E,, the confinement energy of the 2DEG, which is the characteristic scale of the
level spacing of the vertical modes and is, by assumption, larger than Er. There are
two other important scales for the isolated quantum dot that we currently have in mind:
the charging energy U and the thermal energy k7. In addition to being low enoﬁgh
that Lot < £g, the thermal energy kgT must be at least about four times smaller than
the average level spacing for individual dot eigenstates to be resolvable [18]. Since we
wish only to worry about ground state wavefunctions, our dots should be in the limit
4kgT < 6.

The final energy scale, the charging energy U, results from the electrostatic repulsion
between electrons on the dot. It equals the change in the chemical potential of the
electrons when one electron is added to the dot. Consequently, at least for simple
geometﬁes in which the dot is essentially an isolated disk of charge [24], U is expected
to scale roughly as €?/ Lgot, whereas the level spacing § scales as 2752 /mL% ,, where m is
the effective mass of an electron in the 2DEG. Thus, for large dots, U is an intermediate

energy scale, much larger than § but much less than the Fermi energy Er. The hierarchy
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of energy scales is
4kpT <6< U K Ep < E,. (1.2)

The development of the idea of the large planar quantum‘ dot (LPQD) is now com-
plete. It is time to descend to a more sublunary sphere to consider the empirical LPQD
as realized in GaAs/AlGaAs heterostructures. Since the only quantum dots explicitly
considered in this thesis are LPQDs, we will henceforth use the shorthand quantum dots

(QDs) to refer to large planar quantum dots (LPQDs), unless explicitly noted otherwise.

1.1.3 The Empirical Quantum Dot

The sorts of Coulomb blockade and tunneling effects that are examined in this thesis
have been observed in a number of different experimental systems, ranging from metallic
films to silicon-inverson layers [13]. The primary systems for realization of large planar
quantum dots (LPQDs) are, however, split-gate semiconductor heterostructures that
consist of alternating layers of gallium arsenide (GaAs) and aluminum gallium arsenide
(Al Gay_,As) sitting beneath a layer of AlGaAs doped with silicon donors and an array
of surface metallic gates [see Fig. 1.1(a)].

In such systems, electrostatic forces confine carrier electrons to a region only a few
nanometers wide (w ~ 4 nm) at the interface between a pair of AlGaAs and GaAs
layers [2]. The carrier electrons in the heterostructures are generally cooled to tempera-
tures on the order of a tenth of a Kelvin. The result is a high-mobility two dimensional
electron gas (2DEG) with a typical carrier concentration n, of 4 x 10'! /cm?, an electron
effective mass of about 0.067 m. (where the free electron mass me = 9.1 X 1072 g), a
Fermi wavelength of about 50 nm, and elastic and inelastic scattering lengths £.; and
Liner on the order of 10 pm [2].

Quantum dots are carved out of the 2DEG by applying negative voltages to the sur-
face metallic gates [7, 15, 18, 19, 21, 22]. The negative potential repels electrons from

the regions of the 2DEG lying directly under the gates. Hence, given an appropriate
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Figure 1.1: (a) Representative cross-section of a split-gate semiconductor heterostruc-
ture. The silicon donor layer (in black) lies between the AlGaAs spacer and barrier
layers. The two-dimensional electron gas (2DEG) sits at the interface between the Al
GaAs and GaAs layers, located a distance d beneath the surface metallic gates (striped).
(b) A surface gate pattern that can be used to create the barriers delimiting a quantum
dot. The region to which electrons on the dot are confined is suggested by the circle.

cookie-cutter pattern for the gates [see Fig. 1.1(b)], application of negative potentials
results in the formation of dots, laterally confined islands of electrons. If the character-
istic size of such an island, Ly, is several tenths of a pum, we have the proper relation

of length scales for a large planar quantum dot (recall the inequalities of Eq. 1.1).

It is worth considering what the dot looks like to its electronic inhabitants. We
can thereby gain a sense of the self-consistent potential in which the electrons move.
Figure 1.2 gives a graphical representation of a possible potential landscape for a single
quantum dot in a two-dimensional electron gas. The potential well within the interior of
the dot is pictured as essentially flat. In reality, there are bumps in this plain, primarily
as a result of the localized fields from silicon impurities in the donor layer. However, such
roughness can generally be neglected compared to the smoothly modulated potential
induced by the surface metallic gates, which delineates the dots and therefore determines

the average intradot level spacings.

The most prominent portions of this smoothly modulated potential are the high-rise
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Figure 1.2: Representative ansatz for the potential landscape of a large planar quantum
dot. Disorder due to the donor impurities is assumed small, so the interior of the dot
can be pictured as essentially a plain. The “flat-tops” of the near and far edges are an
artifact of truncating the potential at an arbitrary positive energy.
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Figure 1.3: A saddle-shaped tunneling channel.
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zones of the dot walls. In order for the dot to be well-defined, the maximum heights of
these barriers must be at least of the order of the Fermi energy Ep. If there is a space
between two of the surface gates used to define the dot [see Fig. 1.1(b)], the walls that
define the dot can be punctured by a pass, a tunneling channel between the dot and the

2DEG that takes a characteristic saddle shape (see Fig. 1.3).

From the above discussion of the potential landscape, it is clear that there is an
additional length scale £ that was not covered in our contemplation of the quantum dot
idea. This length scale is the characteristic distance over which the potential changes
from its maximum values directly underneath the metallic gates to its sea-level values in
the plains of the dot and the 2DEG. Often called the device resolution, £ is expected—
in the split-gate geometry of Fig. 1.1(a)—to be approximately equal to the distance
d between the surface gates and the 2DEG [19, 25, 26]. Since the surface gates are
generally between 50 nm and 200 nm from the 2DEG; £ is usually larger than the Fermi
wavelength Ap, though of the same order of magnitude. The relative magnitude of £ is
vital in determining whether transmission through the saddle-shaped tunneling channels

can be treated as independent of the energy of the incident electrons.

Having completed our discussion of the length scales of the empirical LPQD, we
now consider the relevant energy scales. For a typical GaAs/AlGaAs LPQD with
Lgot ~ 0.5 pm and an electron temperature of 0.1 K, we have the following approximate

equivalences: kT ~ 10 eV, é§ ~ 50 peV, U ~ 500 peV, and Er ~ 14 meV [2, 19, 22].

A final energy that we should consider is the energy scale W over which transmission
through the saddle-shaped channels changes significantly. The size of this energy is
related inversely to the device resolution €. If W is much greater than both the level
spacing 6 and the charging energy U, the transmission probability can probably be
approximated as independent of the energy of the incident electrons. However, as noted
in Sec. 1.6 and in more detail in Chapter 4, in typical LPQDs, the scale W is probably

a bit closer to U than one might like, and therefore at least the leading effects due to
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U/W # 0 should be considered.

1.1.4 Coupled Dots

With the addition of the transmission energy scale W, we have completed the list of
length and energy scales that characterize a single closed quantum dot at low temperatures—
ie., a quantum dot that, to first approximation, does not exchange electrons with its
surroundings and has a resolvable spectrum of eigenstates. To zeroth approximation,
the closed quantum dots can be thought of as surrounded by infinite potential walls
through which electrons cannot tunnel.

In fact, quantum dots are never completely closed off from their surroundings, and
the tunneling rate between the dot and its environment must only fall below a certain
threshold for the dot to be considered closed. The relevant criterion can be determined
by considering the case of a single dot coupled via electron tunneling to a bulk lead
[see 1.4(a)]. Via a number of arguments [21, 35, 36, 33, 38, 39], ranging from those
employing relatively sophisticated quantum mechanical models to those based upon
the RC time of a circuit model or upon the Thouless criterion [40], it has been shown
that it is necessary that the tunneling rate I'; between the bulk lead and the dot’s jth

lowest-energy single-particle state satisfies the inequality [9, 14]
hT; < 6, (1.3)

where the jth lowest state is assumed to be below or not far above the Fermi surface.
Since AT'; is the level width due to decay into the leads, satisfaction of this inequality
is necessary for the individual single-particle eigenstates to be resolvable. It is also
equivalent to requiring that the conductance between the dot and lead is much less
than e?/h.

Of course, what most of this thesis is about is not a single closed dot but, rather,

a system of two coupled dots. Such a system can be created by applying negative

voltages to the gate pattern shown in Fig. 1.4(b). If the external gate voltages V,; and
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(a)
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Figure 1.4: (a) Surface gate pattern for a single dot coupled to a bulk lead by a tunnel-
ing channel. Regions of significant electron occupation are suggested by the partially
enclosed curve. The voltage V;, controls the rate of tunneling between the dot and the
lead. V, determines the average number of electrons on the dot. V; and V, are held
constant, and tunneling through the barrier controlled by V; is negligible compared to
that through the barrier controlled by V;. (b) Two adjacent tunnel-coupled dots. Vi
and Vg, control the average number of electrons on the individual dots. V} controls
tunneling between the two dots. The other voltages are fixed, and tunneling to the
leads is assumed negligible compared to that between the dots.
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Vz2 are sufficiently negative, the two-dot system can be considered closed with respect
to the surrounding leads. There is then a well-defined integer number of electrons on
the double dot. On the other hand, if the central gate potential V} is variable, there
is not necessarily a well-defined number of electrons in either half of the double dot;
the individual dots are not necessarily closed with respect to each other. When V} is
strongly negative, the conductance through the interdot barrier G} is much less than
e2/h, and the double dot consists of two largely closed individual dots that are only
weakly coupled through the tunneling of electrons between them. When the negativity
of V; is relaxed, the conductance Gy increases, and the dots become strongly coupled,
with charge fluctuations rendering their individual occupation numbers ill-defined. The
total number of electrons on the double dot remains a good quantum number, however,
and, if the barrier V; is lowered far enough (without, of course, being lowered so far that
electrons leak out of the center of the double dot), one might expect that the system
begins to behave like a single composite dot formed from the fusion of the two originally
isolated dots. This thesis is largely about how such a fusion can occur.

A point worth stressing is that the two-dot systems we study are always closed with
respect to the surrounding leads. The tunneling rates T'; are such that AT; is not only
much less than the average intradot level spacing 6 but also on the order of a fifth of
the thermal energy kgT. The conductance through the external barriers energized by
Vz1 and Vi [recall Fig. 1.4(b)] is therefore not much more than a handful of hundredths
of €2/h and can be neglected in looking for the ground state of the two-dot system. In
contrast, as the voltage V is varied, the conductance G, goes from nearly zero to values
on the order of or greater than e?/h and is therefore not negligible.

With these comments on quantum dot closure, our tour of the definition of quantum
dots has come to an end. Along the way, we have encountered a menagerie of energy
scales centered upon the charging energy U. We now consider how these scales can be

used to make sense of the Coulomb blockade.
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1.2 The Orthodox Coulomb Blockade

1.2.1 Interactions in Artificial Atoms

The quantum dots described in Sec. 1.1 are sometimes referred to as artificial atoms.
They differ significantly from natural atoms, however, both in terms of the nature of
their confining potential, which lacks the high symmetry of a central potential [41],
and in terms of their characteristic size Lgot, Which is on the order of thousands of
angstroms and therefore much larger than an atomic radius. Since, at least in the
simplest geometries, the average single-particle level spacing goes roughly as 1/L% , and
the typical electronic energy of repulsion goes roughly as 1/Lgot, the size discrepancy
between natural and artificial atoms means that the effects of Coulomb repulsion are
much more important in the behavior of quantum dots than in natural atoms [20].
Perhaps the most dramatic example of such size-driven electron-electron effects is the

phenomenon known as the Coulomb blockade.

1.2.2 Phenomenological Description of the Blockade

To describe the Coulomb blockade we refer to Fig. 1.5, which gives a caricature of
a quantum dot coupled capacitively to a gate at the potential V;, and coupled both
capacitively and via tunneling channels to bulk leads at the potentials Vz; and Vr.,
respectively. In the absence of the Coulomb blockade, one might expect that, for an
arbitrary value of V; and a small value for the bias AV = VL3 —Vp;, the current through
the dot would be proportional to AV. However, when both kg7 and AV are tens of
microelectronvolts or less, the experimentally observed current is essenti’ally zero for
most values of V,, the exceptions being roughly evenly spaced values of V, at which
nonzero conductance peaks occur. The fact that the conductance through the dot is
usually zero is the effect known as the Coulomb blockade.

Why do we suspect the blockade is Coulombic? If it were to dissolve when kgT or




28 Chapter 1: Introduction

Gate

I

Figure 1.5: Caricature of a system of one dot tunnel-coupled to two bulk leads and
capacitively coupled to a surface gate.

AV rose to values on the order of the average level spacing 6, it might be attributed to
the discreteness of §. However, it persists to values of kT and AV equal to hundreds
of microelectronvolts—i.e., until kgT and AV are of the order of the charging energy

U.

1.2.3 Orthodox Model for the Single-Dot Blockade

To understand more precisely whence the Coulomb blockade arises, it is helpful to view
the quantum dot as a capacitor characterized by the potential energy Q2/2Cs, where
@ is the net charge on the dot and Cy is its total capacitance. Having adopted this
orthodoz model, one can then construct a circuit diagram showing the couplings between
the dot and the surrounding gates and leads. Calculation of the energy E of this circuit,
including the work done in charging the dot-capacitor, yields the result [6, 7, 8, 10, 11,
12, 13, 15, 16]

E:%m_@% (1.4)
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where U = €2/Cs, N is the number of ezcess electrons on the dot, and ¢ is a dimen-

sionless parameter that depends linearly on the gate voltage Viate:

¢=%+¢Oa (15)

where ¢p is a constant and (| is the capacitance between the dot and the gate.

For a dot that is isolated from its surroundings and cold (AI'; and kT are small), the
number n assumes only well-defined integer values, and the integral nature of n provides
a ready explanation for the Coulomb blockade. When ¢ does not equal m + 1/2, where
m is an integer, the ground state of the circuit is unambiguously given by the state in
which 7 is the integer ny that is nearest to ¢. The energies of states in which n # ng

exceed the ground-state energy by at least
U
AE = 5(1—2|n¢—¢|) . (1.6)

When both the thermal energy kT and the voltage bias AV are much less than AFE,
processes that change the number of electrons on the dot are effectively blocked, and

virtually no current can pass. The result is the Coulomb blockade.

1.2.4 Degeneracies and Conductance Peaks

What happens when ¢ equals m + 1/2? Then, there are two degenerate ground states
for the circuit—one in which there are n_ = (2¢—1)/2 electrons on the dot and another
in which there are ny = n_ + 1 = (2¢ + 1)/2 electrons on the dot. Thus, depending
upon which of the ny states the circuit is in, an electron can be added or removed
with energetic impunity. Current can flow. Consequently, as ¢ is varied, one expects
the regions where there is essentially no current through the dot to be punctuated by
evenly spaced conductance peaks centered at values of V, that yield ¢ = m + 1/2.
The existence and periodicity of the conductance peaks can be explained graphically
by plotting the parabolic energy curves E,(¢) [see Fig. 1.6(a)]. These curves give the

energies of states in which the number of “excess” electrons on the dots is given by the
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particular integer values n. For ¢ between n — 1/2 and n + 1 /2, the curve E,(¢) is the
lowest-energy parabola, and there is a finite excitation energy to the next lowest-energy
curves, E,41(¢). At ¢ = n +1/2, on the other hand, the E,(¢) curve is degenerate
with the E,11(¢) curve. At such points, current flows, and conductance peaks result
[see Fig. 1.6(b)].

The fact that the conductance peaks have a finite width is a consequence of both
thermal broadening (kT # 0) and lifetime broadening (hT'; # 0). In our energy hierar-
chy (recall the discussion in Sec. 1.1.3), the lifetime broadening is negligible compared
to the thermal broadening, and, since 4kgT < 6, the shape of conductance peaks near

¢ =m+1/21is given by [9, 42]

62 I\Ll PL2
Gdot = ( T

Tl \TH 1 ;‘512) cosh™2 [¢(m, ¢)/2kpT] , (1.7)
where é(m, @) = €y, —er + U (1/2 — |m — @|), €, is the kinetic energy of the mth lowest-
energy single-particle state on the dot, and T'L? is the tunneling rate between this state

and lead .

1.2.5 Orthodox Model for the Double-Dot Blockade

Our analysis of the single-dot Coulomb blockade can be straightforwardly extended to
that of the Coulomb blockade of two dots in series. The schema for the system is shown
in Fig. 1.7. Once again there are two leads with voltages V1 and Vi, providing a bias
AV = VL3 —Vp1. There are now, however, two side gate voltages, Vy; and Vs, that can,
in theory at least, be varied separately to control the number of electrons on each of
the dots. If the two dots are well isolated from each other—i.e., if interdot electrostatic
interactions and tunneling are negligible—the energy of the system equals the sum of
the energies of the individual dots:

= L g0 (18)
2 1 13 ] .

i=1
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Figure 1.6: (a) Energy curves in the “orthodox model” for a single dot coupled capac-
itively to a surface gate. Energies are given in units of the dot charging energy U; the
gate voltage is in units of e/C,. For each integer number n of “excess” electrons on
the dot, there is a corresponding energy curve, labeled [n], that is a parabolic function
of the gate voltage. (b) Conductance through the dot as a function of the gate volt-
age. The conductance peaks are schematic; for simplicity they are thermally broadened

and symmetric in shape. The peaks occur at the points of degeneracy of the energy
parabolas.
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Figure 1.7: Caricature of a system of two tunnel-coupled dots with adjoining bulk leads
and occupation-controlling surface gates.

where 7n; is the number of electrons on dot 7, ¢; = CyiVyi/e, U; = €%/Cs;, Cs; is the
total capacitance of dot i, and Cj; is the capacitance between dot i and the ith side

gate.

Studies of the implications of Eq. 1.8 for the Coulomb-blockade behavior of the
double-dot system have led to an understanding of a rich variety of effects that result
from asymmetry between the two dots—i.e., from Cyy # Cyx, etc. [47, 48]. However,
since this thesis studies the change in the double-dot Coulomb blockade as a result of
interdot tunneling, it is best to separate the issue of asymmetry from our concerns by
considering a system of symmetric dots in which the effect of interdot coupling is most

discernible and dramatic.

1.2.6 Uncoupled Symmetric Dots

First we should clarify what is meant by a system of symmetric dots. In essence, we
mean that the dots are electrostatically symmetric—i.e., that electrostatic quantities
that are essentially invariant under change of the gate voltages V;, such as the total

capacitances Cy; and the gate-to-dot capacitances Cyi, are the same on both dots.
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Under these conditions, Eq. 1.8 simplifies to

U R
E= 52(%’ - ¢i)". (1.9)

i=1
If we assume an extra symmetry for the dots, ¢; = ¢, the energy becomes a
function of a single voltage parameter ¢ = ¢;, and each pair of integer occupation
numbers {n;,n} is associated with an energy function E{n, n)(@) that is parabolic
in ¢. As can be surmised from Fig. 1.8(a), these functions yield parabolas that are

identical in shape, their only distinguishing feature being the locations of their minima.

1.2.7 Peak Splitting and Even-Odd Energy Shifts

Since the decisive issue for the Coulomb blockade is whether the ground state is degener-
ate, we are primarily interested in the lowest-energy parabolas Ey, ,(¢) that correspond
to specific values of the double-dot occupation number Niot = (71 + n2). The values
of n; and ny for such parabolas are given by the formula ny = ny = Nyot/2 when Nyt
is even and by the formula n; = ng £ 1 = (Nt £ 1)/2 when Ny is odd. For even
Niot, the minima of the Ep, ,(¢) parabolas all lie on the line E = 0. For odd Ny, the
minima of the parabolas lie along a different line of higher energy, £ = U/4. For both
even and odd parabolas, the ¢-coordinate of the minimum is Nyot/2 (see Fig. 1.8).

For small bias, the conductance through the double dot is close to zero except near
¢ = ¢n, where ¢, = m + 1/2. Around these values of @, conductance peaks are
observed. Unlike the single-dot case, however, fhese peaks are essentially double or
degenerate because for ¢ = ¢, it is true both that Ezp = E(gp41) and that E@mir) =
E(3m+3)- Thus, the ¢,,,-values mark the intersection of four parabolas, rather than two.

Now suppose that the lowest-energy odd parabolas shift down relative to the lowest-
energy even parabolas by a distance A. Then, the single intersection at ¢ = ¢,, and
E = U/4 is replaced by two separate intersections at ¢ = ¢,, £ A/U. Thus, as indicated

in Fig. 1.8, the single peak at ¢,, splits into two distinct subpeaks equally spaced
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Figure 1.8: (a) Energy curves in the “orthodox model” of a symmetric two-dot system
coupled capacitively to a gate potential. Energies are given in units of the charging
energy U; the gate voltage is in units of e/Cy. In the absence of interdot coupling,
each state with occupation n; of the ith dot has a corresponding energy curve, labeled
(n1,n2), which is a parabolic function of the gate voltage. The zero of energy coincides
with the lowest possible energy for states in which the total two-dot occupation Nig; =
(n1+4m3) is even. The solid odd- Ny, parabola gives the lowest-energy curve for Nyo, = 1
when there is no interdot coupling. The dotted parabola is the shifted-down energy
curve that results when there is nonzero coupling. The relevant degeneracy points are
indicated by a black dot for zero coupling and white dots for nonzero coupling. (b) Zero-
coupling conductance through the double dot as a function of the gate voltage. The
conductance peak shapes are schematic. The peaks occur at the points of degeneracy of
the lowest-energy zero-coupling parabolas. (c) Nonzero-coupling conductance through
the double dot as a function of the gate voltage. The peaks are aligned with the
perturbed degeneracy points. Each zero-coupling peak has split into two separate peaks
equally distant from the zero-coupling peak position. Increasing the interdot coupling
increases the separation between the paired peaks until the fuﬁ set of peaks is again
regularly distributed, with half the original period.
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about ¢,, with the magnitude of the peak splitting—the distance between the paired
subpeaks—being linear in A.

If the odd parabolas shift down by exactly A = U/4, their minima then lie along the
line £ = 0, and the subpeaks are distributed evenly at the positions ¢;, = (2m + 1)/4,
where m is an integer. The conductance peak pattern is identical to the pattern char-
acteristic of a single dot with total capacitance 2Cy; and dot-to-gate capacitance 2Cj;.
Accordingly, in terms of the phenomenological parameter A, the orthodox model pro-
vides a framework for understanding the evolution of the Coulomb blockade of two
isolated dots into that of a single composite dot that is essentially the sum of the origi-

nal individual dots.

1.2.8 Center-of-Mass Coordinates

Another way of using the orthodox model to understand the transformation of the
two-dot blockade is to express the energy (recall Eq. 1.8) in the charging analog of
center-of-mass coordinates—i.e., to express E in terms of the total double-dot occu-
pation Nyot = (n1 + n2) and half the difference between the individual dot occupations

n = (nz — n1)/2. One then has [51, 52]
- Us 2 2
E = "2_(Ntot - (Ptot) + U,,(n - p/2) , (110)

where @it = @1 + ¢2 and p = ¢ — ¢;. For the circuit of Eq. 1.9, in which the
interdot capacitance is assumed to be zero, 2Us = U, = U, where U is the charging
energy of the individual dots. In general, however, the interdot capacitance is not zero,
and one then finds that Us # U,. In particular, it turns out that Us = €?/2Csx and
U, = €2/(Cs + 2Cint), where Ciy is the interdot capacitance and Cy is now defined to
be the total capacitance of one of the dots minus the interdot capacitance [49].

From comparison with Eq. 1.4, it is clear that the first term on the right side of
Eq. 1.10 is the energy for a single dot with a capacitance equal to the sum of the

capacitances of the two individual dots. Consequently, transformation of the two-dot
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system to a composite-dot system must come through cancellation or elimination of
the term proportional to U,. In situations where p = 0, this corresponds to shifting
the lowest-energy odd parabolas down by A = U,/4 relative to the lowest-energy even

parabolas.

1.2.9 Splitting through Capacitive Coupling

We have yet to suggest a physical mechanism for inducing such a shift. Perhaps the most
obvious means of doing this is to send U » itself to zero—or at least to some value on the
order of the level spacing 6. This can be done by making the interdot capacitance Ciy
very large compared to Cy. Since Ciy tends to be less than 0.1Cx, when the dots are
well isolated, sending U, to zero requires that Ciy, grow by a factor on the order of 100.
Such growth in Cyy, is difficult to achieve in a two-dimensional geometry. When coplanar
regions of charge are moved closer together, the growth in their intercapacitance is at
most logarithmic and therefore generally cut off before it can multiply by 100 [50]. Thus,
though interdot capacitive coupling is expected to make a small and relatively constant
contribution to the peak splitting, we must look for another means of ridding ourselves
of the U,-term. A series of recent coupled-dot experiments has done much to point us

in the right direction.
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1.3 Experimental Results for the Symmetric Double Dot

1.3.1 Measurements of Peak Splitting and Conductance

The double-dot experiments performed by F. Waugh, C. Crouch, C. Livermore, R.
Westervelt, ;Lnd their collaborators [43, 44, 45, 46] indicate that a ;;rima,ry mechanism
for the emergence of composite-dot behavior is the fluctuation of charge between the dots
when interdot tunneling channels are opened. Waugh et al. use the surface-gate pattern
shown in Fig. 1.4(b) to create a system of symmetric dots that fits the characteristics
of the two-dot system of Sec. 1.2. They then measure the conductance through the dot
as a function of the side gate voltage V;—i.e., as a function of ¢ = C;V,/e—and repeat
this measurement for different values of the voltage V;, which controls the strength of
the interdot barrier. They find th.at as the voltage V, is made less negative—i.e., as
the interdot barrier is lowered—the conductance peak distribution changes from that

characteristic of two isolated dots to that characteristic of a single composite dot.

In addition to observing peak splitting and convergence to single-dot behavior,
Waugh et al. measure the conductance G through the interdot barrier as a function of
Vs. They do this by measuring the conductance through the double dot after exterior
gates such as V;; and Vo have been de-energized. Decreasing the magnitudes of these
negative gate potentials lowers the barriers that separate the dots from the bulk leads.
After sufficient reduction of the exterior barriers, the charged regions formerly described
as dots are essentially just peninsular extensions of the leads. There are no longer any
capacitive charging energies exclusively associated with these regions. The capacitances
associated with the bulk leads are, needless to say, very large, and the corresponding
charging energies are therefore much less than the thermal energy kg7. The Coulomb

blockade has been eliminated.

Once the external gates have been turned off, the dominant resistance in going

from lead 1 to lead 2 is the resistance due to the interdot barrier. Thus, leaving room
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for correction due to the fact that lowering the external barriers results in a partial
lowering of the interdot barrier [19, 22, 43, 44, 45, 46], one can find the conductance Gy
by measuring the conductance between leads 1 and 2.

The experiments find that Gy rises in a series of conductance steps, each of height
2e?/h. This phenomenon of conductance quantization, familiar from studies of quantum
point contacts and quantum wires [2, 3, 4, 27, 28, 29, 30, 31, 32], is explained by the fact
that, as V} is made less negative, the saddle-shaped potential between the dots becomes
broader and flatter. The alteration in shape and height is accompanied by a decrease
in the minimum energy E'T of an electron in the mth lowest-energy transverse mode of
the saddle region—where the transverse direction is the direction perpendicular to the
direction of propagation through the constriction (the y-direction in Fig. 1.9). As EIr
descends through the Fermi energy Ef, the conductance through the mth mode rises
rapidly from nearly 0 to its saturation value of 2¢2/h, giving one conductance quantum
for each of the two spin-degenerate channels that have been opened. Thus, the 2¢2/h
steps in the conductance G mark the successive opening of transverse orbital modes
through the saddle.

The key finding of Waugh et al. is that, within the range of values of V;, in which G,
goes from nearly 0 to approximately 2e2/h, the Coulomb-blockade peak distribution goes
from that characteristic of two isolated dots to that characteristic of a single composite
dot. Based on our understanding of conductance quantization, it appears that the
convergence to composite-dot behavior coincides with the opening of a single orbital

mode through the saddle between the dots.

1.3.2 Arguments for Conductance-Controlled Peak Splitting

This correlation between the opening of one orbital mode and the emergence of composite-
dot behavior suggests that the correct physical mechanism for the transformation of the

Coulomb blockade is the back-and-forth movement of charge that occurs when an inter-
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Figure 1.9: Top-down view of the constricted interdot connecting region. The width of
the constriction is on the order of the Fermi wavelength Ap. Its length is on the order
of the device resolution £.

dot tunneling channel is opened. As the interdot conductance becomes of order e?/h,
fluctuations in the charge on the dots make the assumption of quantized integer oc-
cupation numbers n; and ng increasingly less valid. There is less and less reason to
suppose that odd parabolas should be shifted upwards relative to even ones because the
expectation value of 7, which makes the determinative distinction between the odd- N

and even- Ny, cases, is no longer a good quantum number.

The correlation between the opening of a single orbital mode and the transformation
of the Coulomb blockade renders even more implausible explanations for the develop-
ment of the composite-dot blockade via growth in the interdot capacitance Cjy. There
is indeed some increase in Ciy,; as the barrier between the dots is lowered and electrons
on the dots become less separated. However, as the electrons generally only become
closer in the vicinity of the narrow saddle, the interdot capacitance is not expected to

grow significantly. Semiclassical simulations of two-do;%&go‘metries by M. Stopa confirm
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that opening a single orbital mode results in only negligible growth in the corresponding
intercapacitance [41].

Thus, it is reasonable to suspect that the principal physical cause of the observed
peak splitting is the increase in the interdot conductance as the barrier between the
dots is lowered. Recalling Eq. 1.10, we see that, for this to be true, the existence of a
nonzero interdot conductance G must lead to a p-dependent energy shift that cancels

the p-dependent term of Eq. 1.10.

1.3.3 Dimensionless Formulation of the Problem

It is worth taking a little time to formulate this last statement in a more mathematical
manner. Let us define the dimensionless interdot channel conductance g by the formula
g = Gi/(Nae?/h), Whefe, in the experiments under consideration, the number of tun-
neling channels N, equals two. Let us similarly define a dimensionless parameter f,
the fractional peak splitting, which equals the ratio between the magnitude of the peak
splitting at a given value of g and its saturation magnitude for g = 1. From Sec. 1.2, it
follows that f = A/(U/4), where A is the coupling-induced shift of the odd- Ngot ground
states relative to the even- Ny ground states. It then follows that our goal is to develop
physically meaningful models that allow determination of f as a function of both g and

the number of tunneling channels Ngy,. We can then compare the result

f(Nchag)

with the experimental data (see Fig. 1.10) and, if the comparison is favorable, gain some
confidence in the credibility of explaining the peak splitting in terms of the interdot

conductance.
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Figure 1.10: Experimental and theoretical results for the fractional peak splitting f as
a function of the dimensionless interdot conductance ¢ when Ng, = 2. The solid lines
are the results in the weak and strong-coupling limits when the tunneling amplitudes
are assumed to be energy-independent. The small-dashed curve that extends from
(9,f) =1(0,0)to (g, f) = (1,1)is an interpolating curve that conforms with these results.
The dot-dashed line is the 27U /Aiw = 1 curve derived when the energy dependence of the
tunneling amplitudes is taken into account. The stars, triangles, and squares symbolize
different sets of experimental data from Waugh et al. [43, 44] and Livermore et al. [46],
the squares being the most recent.
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1.4 Theoretical Results for Weakly Coupled Dots

1.4.1 Transfer-Hamiltonian Model

In the limit of weakly coupled dots—i.e., for g < 1—we can use a transfer-Hamiltonian
approach for an arbitrary number N, of interdot tunneling channels to find the relation
between the dimensionless interdot conductance g and the fractional peak splitting
f [51, 52, 53, 54]. In this approach, the Hamiltonian consists of three parts: the single-
particle kinetic energies K, the capacitivé charging energies V;q, and the hopping term
Hr. For simplicity, the tunneling amplitudes between the dots are assumed independent
of the particular tunneling channel, as is trivially the case for the two SU (2)-symmetric
channels involved in the experiments described in Sec. 1.3. The three parts of the

Hamiltonian then take the form

2

K = Zzeikaﬁ'ikav :

=1 k,o
U, » .

‘/tot = '2£(Ntot - Qtot)2 + Up(n - p/2)2 ’

Hr = Z Tk ko (c;kga'clklo' +H.C.> R (1.11)
ki1,k2,0

where ¢ is the dot index, o is the channel index (which is equivalent to a spin index in
recent Nep = 2 experiments), and k is a kinetic index which accounts for all electron
degrees of freedom not included in the dot or channel indices. The number opera-
tors Ny, = (1 + 72) and 7 = (Hy — 7,)/2 are quantized versions of the occupation
numbers Nt and n. The single-particle energies €;x, are assumed to be distributed
relatively evenly with an average level spacing § in an energy band [€0, €0 + D). For zero
temperature and Hr = 0, the single-particle states on either dot are presumed to be
occupied up to the energy €y + F D, where F is the filling fraction of the single-particle
bands. The bandwidth D is assumed to be at least of the order of the Fermi energy EF;
consequently, D > Usg, U, > 6.

Calculation of the interdot conductance g and the fractional peak splitting f is done




1.4 Theoretical Results for Weakly Coupled Dots o 43

via perturbation in Hr and in the continuum limit § € Us,U,. Since coupling to the
external leads is neglected, the term in Vo proportional to Us is simply constant and

can be dropped, leaving us with the differential charging energy [51]:
V =U,(n - p/2)%. : (1.12)

To make calculation of g and f manageable, we will assume that ¢4, 1, can be treated
as independent of k; and k;. The resulting model with #,x, = t is roughly equivalent
to a system of two planar lattices linked by a hopping element T between their origins

(see Fig. 1.11)—i.e., to two lattices connected by the hopping term

Hr = T(c}y,,c10,0 + Hel), (1.13)

where 0; is the origin of lattice 7 [51] and T' = Nyt, with Ny, ~ D/ being the number

of sites on the lattice [51].

The assumption i, x, = t is valid under two conditions. The first is that the charging
energy U, is much greater than the level spacing 6. The fact that U, > ¢ does more
than permit us to calculate summations over single-particle states via a continuum
approximation. It implies that the positions of the Coulomb-blockade conductance
peaks are not sensitive to the fluctuations in the tunneling probabilities proportional
to |tk,k,|?. Instead, the Coulomb blockade is determined by the average behavior of
|2

a nonzero number of tunneling probabilities—i.e., by averages of |ti, ,|* over a finite

number (presumably some fraction of U/§) of neighboring combinations of k; and k,.

The second condition for taking tx,x, =t is that the device resolution ¢ is small
enough to ensure that the transmission energy scale W exceeds U,. If this condition fails
to hold, the averages of the tunneling probabilities will themselves change significantly

over the energy range U,.
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Figure 1.11: Two lattices coupled via a hopping channel between their origins.
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1.4.2 Calculation of the Conductance and Peak Splitting

Having emphasized the stipulation that § <« U, < W, we can proceed to the results
for the dimensionless channel conductance g and the fractional peak splitting f. As
discussed in Sec. 1.3.1, the experimental measurement of the channel conductance g
corresponds to setting U, = 0 and finding the net flow of electrons from dot 1 to dot 2
when the dots are held at different chemical potentials. One might worry about the fact
that de-energizing the gates also alters the level spacing §. However, this does not affect
the result, as can be seen by referring to the coupled-lattice interpretation of our model
(recall Eq. 1.13 and Fig. 1.11). In this picture, de-energizing the gates corresponds to
increasing the number of sites in the lattices (N}, — Nu) while keeping T' constant. It
follows that this lattice expansion results in both the level spacing é and the tunneling
amplitude ¢ being multiplied by the factor Ny;/Ny. Since g is a function only of the
ratio ¢/4, the separate changes in ¢ and § cancel and can be ignored.

The result for g, which is calculated exactly to all orders in perturbation theory, is

_ 4x
9= TF A+ mexP (1-14)

where x = |7t/6|? and n = (1/7)In[F/(1 — F)] [51]. It is remarkable that, for all values
of F, the maximal dimensionless conductance is 1. Still, the equation for g indicates
that the weak-coupling model is not useful when ¢ is on the order of or much greater
than 6 since, in this regime, the interdot conductance in the hopping model is squeezed
off by the formation of a bound state at the points where the lattices are linked.

The fractional peak splitting f is computed by solving for the quantity f,,, which
has the definition

[B8u(p) — B2a(0)] ~ [Boa(p) - 2rg(0)]
- U/4 ’

(1.15)

where Egrd(p) is the ground-state energy of the double-dot system for the given values

of g and p and for an even total double-dot occupation Niot. In terms of Az(p), the
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ground-state energy shift induced by Hr,

- Ar(0) - Ar(p)
L U/4 '

(1.16)

After determining that Ar(1) is the same, except for corrections of order § /D, as the
ground-state shift of the system for N, odd and p = 0 (see Chapter 2), one arrives at
an equation for the fractional peak splitting:

f=1limf,. (1.17)

=1
1.4.3 Peak Splitting Expanded in the Conductance

Calculating via Rayleigh-Schrédinger perturbation theory to leading order in §/D, one
finds that f, can be expressed as a power series in x = (7t/§)%. In Chapters 2 and 3,
the terms in this power series are computed up to order x2. After inverting Eq. 1.14,
one obtains an expansion of f, in powers of ¢ [52]:

- [oe] n

fo= Z Z amn(p) (Nen)™ g™ . (1.18)

n=1m=1

From Chapters 2 and 3, we know the coefficients @mn(p) for n < 2. The resulting

equation for the fractional peak splitting is
f 2 0.1404Ne, g 4 0.1491Nep, g — 0.009798(Ne)2 g% + . ... (1.19)

The weak-coupling result for Ng, = 2 is plotted in Fig. 1.10 and is seen to give good
agreement with the experimental data. The key qualitative aspects of the f-versus-g
curve for such small values of Ny, are that, for g ~ 0, it has a relatively small slope and
an upward curvature. For Ng, > 10, the f-versus-g curve looks significantly different,

possessing a large upward slope and a downward curvature.
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1.5 Theoretical Results for Strongly Coupled Dots

1.5.1 Effective One-Dimensionality of the Planar Dots

Though the weak-coupling results give a good qualitative sense of the f-versus-g curve,
they are only expected to be quantitatively accurate for ¢ < 1. To understand the
behavior at and about the strong-coupling endpoint (g, f) = (1,1), we will need a
different model that is independent of p for g = 1 and perturbative in (1 — g) instead of
g.

If the saddle region between the two dots is approximately adiabatic—i.e., if there
is only negligible scattering between the transverse modes within the saddle—such a
strong-coupling model can be obtained through the observation that the two-dot prob-
lem is effectively one-dimensional [33, 34]. If we presume that the entire double-dot
system were adiabatic, with a well-defined separation of the transverse and longitudinal
motions throughout, it follows immediately that the two-dot system consists simply of a
number Ng, of separate one-dimensional tunneling channels that interact only through
the capacitive charging energies of the dots. Electrons in transverse modes that do not
penetrate the barrier region can be ignored as they simply sit inertly on one dot or the

other.

What might be a bit surprising is that more realistic systems, in which adiabaticity
does not hold outside the saddle, are still effectively one-dimensional. In such systems,
the average energy spacing in the one-dimensional channels is the same as that of the
two-dimensional dots, but the probability of an electron actually being in the saddle
is weighted by the proportion of overlap between the electronic wavefunction and the
relevant transverse mode. The combination of this wavefunction weighting with the
two-dimensional level spacing yields an average overall normalization that is indistin-
guishable from a fully adiabatic system with a one-dimensional level spacing in the

channels [26]. Of course, the wavefunction weights vary randomly for individual dot
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eigenstates, and it is important to have U, 3> § so that the weights are averaged over a

large number of single-particle eigenstates.

1.5.2 1D Fermionic Model and the Interdot Conductance

We can now proceed with a one-dimensional model for the coupled-dot system. Since
we are currently concerned with the strong-coupling (¢ — 1) limit of such a model, the
particles in our one-dimensional system propagate nearly freely between the two dots.
As a result, in the connecting region itself, we are primarily confronted with particles
that can be characterized as mostly right movers or mostly left mover;s—i.e., particles
that can be characterized as essentially going from dot 1 to dot 2, with a small amount
of backscattering, or from dot 2 to dot 1, again with only little backscattering. Instead
of indexing particles by the dots with which they are associated, we therefore index
them by the directionality index j, where j = 1 for right movers and j = 2 for left
movers. The channel index o and the supplementary index k& that were used in the
weak-coupling limit remain serviceable.

The one-dimensional Hamiltonian is the following:

2

K = ZZ{kaﬁjlcaa

=1 k,o
V = UP(’F" - p/2)2a
Hpg = Z Vky ko (c;kgaclkl‘f + H.C.) s (1.20)
kl’k270

where £, is the kinetic energy of a particle in the oth channel with kinetic index k.
The Hamiltonian once again consists of three parts, but the perturbative term represents
backscattering from the interdot barrier rather than tunneling through it.

Just as we assumed that tkik, could be considered constant in the weak-coupling
limit, we now assume that we can replace Uk, k, Dy the constant v, the assumption again
being that W < U,. The backscattering term Hpg then represents the backscattering

from a delta-function potential V6(z), and the relation between the magnitude of this
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potential and the conductance through the barrier is given by [51, 52]
(1-g) =72+ 0[74), (1.21)

where V =V} /fvr, vp being the Fermi velocity.

1.5.3 Bosonized Euclidean Action and Strong-Coupliﬁg Endpoint

In order to find the p-dependence of the ground-state energy, we will use the bosonization
formalism, in which the low-energy degrees of freedom of a one-dimensional system
of fermions are expressed in terms of bosonic density and phase operators [55, 56,
57, 58, 59, 60, 61, 62, 63]. The bosonized Euclidean action consists of the following
parts [33, 34, 51, 52]:

1 .
So = 5 3 bl ()l

Yﬁ 2
Sint = U,,/O dr (71_; [gog(r)] —p/2) ,
1/ 8
Sp = %—i—);/() dr cos [2\/7_1'0,(7')] , (1.22)

where D is the bandwidth, 3 is the inverse temperature (3 = 1/kgT), and the energies
wm are h times the Matsubara frequencies (wm = 27m/f with m an integer). The
bosonic field 6,(7) measures the number of electrons in the o channel that lie to one
side of the barrier. f(wy,) is its Fourier transform:

6,(r) = %Z e B, (1) (1.23)

Wm

The first step in handling the action of Eq. 1.22 is to shift all the 6,(7) fields by
a constant: 6,(7) — 6,(7) + p/2Ncn. This moves all the p-dependence of the action
from the capacitive charging term V to the backscattering term Hg. Hence, it makes
clear that the action is independent of p when the backscattering parameter V is zero—
i.e., when ¢ = 1. The bosonized action therefore yields the desired endpoint for the

f-versus-g curve: (g, f) = (1,1).
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1.5.4 Peak Splitting near the Strong-Coupling Endpoint

What about the behavior in the vicinity of the g = 1 endpoint? To find this we solve
for the ground-state energy via perturbation in Sg. Once again, we look to find the
quantity fp, which is now formulated in terms of the ground-state energy shifts Ag(p)

induced by backscattering between the dots:

;: _ 2 Ap(p)—Ap(0)
fo=p"- U/4 .

(1.24)

It is clear from Eq. 1.24 that the fractional peak splitting f equals 1 minus nontrivial
terms that go to zero when (1 — g) goes to zero. However, in contrast to the weak-
coupling limit, in which we are able to solve for the leading terms in g for any number
of tunneling channels, in the strong-coupling limit we can—at the present time—only
use the bosonized Euclidean action to compute the leading nontrivial terms for Ngu=1
and Ng, = 2. For Ny, > 2, there are qualitative arguments that the leading nontrivial
dependence goes as (1 — g)Nen/2 [33, 52], but, as we shall see shortly, in the case of
Nen = 2 the leading nontrivial term goes as (1—g)In(1—g), and therefore the (1—g)Nen/2
proposition is at the very least susceptible to logarithmic corrections.

In any case, the leading nontrivial terms for Ney = 1 and Ng, = 2 are derived in

Chapters 2 and 3 of this thesis. For Ng, = 1, the result is [51, 53, 54]

8e”
fﬁl——ﬂ_T 1—g, (1.25)

where v =~ 0.577 is the Euler-Mascheroni constant. For the experimentally relevant case

of Ney = 2, the result is [52]

16e”
73

f~1+4 (1-g)In(1 - g)—0.425(1 - g), (1.26)

which is plotted in Fig. 1.10. The N4, = 1 and Neh = 2 results show an even more
dramatic dependence on Ng, than the results for weak coupling. Also notable is that,
whereas the weak-coupling calculation leads to an analytic expansion in powers of g, the

strong-coupling calculation leads to terms that are singular at (1-g)=0, an outcome
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that is not entirely shocking given that the infinite ¢ = 1 one-dimensional system is

translationally invariant but the infinite ¢ < 1 system is not.

1.5.5 Concerning Coefficients

Readers possessing sorﬁe familiarity with the perils of bosonization might worry about
whether the coefficients in Eqs. 1.25 and 1.26 are well-determined [51]. Bosonization
is most often used to derive scaling relations for which such coefficients are irrelevant.
Moreover, closer inspection of the coefficients reveals that each one consists of at least
two factors that separately depend upon the manner in which the high-energy bosonic
degrees of freedom are cut off. Fortunately, as shown in Chapter 3, if corrections of
order U,/D are neglected, the coefficients appear to be independent of the nature of

the ultraviolet cutoff [52]. Hence, it is reasonable to suppose that they are indeed

well-defined.

1.5.6 Connection to the Weak-Coupling Results

With the leading terms of f-versus-g known for both the weak and strong-coupling
limits, the curves that interpolate between these limits are relatively tightly constrained.
A plausible interpolating curve that analytically approaches the limiting behaviors for
Na, = 2 is displayed as a dashed line in Fig. 1.10. The curve shows remarkably good

agreement with the most recent experimental data [46].
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1.6 Finite-Barrier Model for Weakly Coupled Dots

1.6.1 Why Bother?

In the preceding sections, it has been shown that credible results are obtained by working
in what might be characterized as the universal limit U,/W = 0 in which f can be
expressed in terms of N, ¢, and various universal coefficients. Having achieved so
much by assuming constant tunneling and backscattering amplitudes, one might wonder
what could motivate us to construct a model in which the amplitudes are variable. The
first reason for considering a realistic U,/W # 0 system is that we want more than a
hand-waving justification for the approximation U,/W = 0. Second, we want a more
precise idea of when this approximation is valid. Third, we would like to possess a
better understanding of the behavior of systems in which ¢ is considerably larger than
Ar and for which it is presumably not reasonable to take U »/W = 0. Finally, we hope
that, with improved experimental precision, the non-universal corrections that result

from U,/W # 0 will become detectable even in systems where ¢ is nominally small.

1.6.2 Semi-Localized Basis and Parabolic Barrier

In looking for these corrections, we consider the weak-coupling limit only. As in our
earlier strong-coupling analysis, a crucial trick comes from the fact that the coupled-dot
system is effectively one-dimensional. A second trick consists of choosing a particular
basis of states that is formed from simple linear combinations of the exact single-particle
eigenstates of the full double dot. The states in this basis are semi-localized: they have
some tendency to be concentrated on one dot or the other, particularly at low energies,
but they extend throughout the double dot. As a result, the operator 7 is not diagonal
in this basis, and the perturbative quantity is # — 7o, where g is the number operator
that counts the difference between the occupation of semi-localized states preferentially

associated with dot 2 and that of semi-localized states preferentially associated with
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dot 1.

To obtain a quantitative result with such a semi-localized basis, one must assume
some concrete form for the self-consistent barrier between the dots. Given the relatively
smooth nature of the electrostatic potentials, it is reasonable to model the barrier as
parabolic, being given by the equation V(z) = Viax(1 — 22/2€2) for |2| < v/2¢, where ¢
is the device resolution. The barrier is then an inverted parabolic well with an associated
harmonic oscillator frequency w = /Vimax/mé2. The differential conductance through

such a barrier has been known since at least the mid-1930s:

1
9=7 e oy (1.27)
It follows that the characteristic transmission energy scale is given by
hw
=5 (1.28)

For nontrivial values of g (i.e., for g a reasonably sized, finite distance from both 0
and 1), we must have Ep ~ Vipax. We then conclude that W ~ fivp /2m/2€ [26]. As

expected, W depends inversely on the characteristic length &.

1.6.3 Peak Splitting as a Non-Universal Function of Conductance

Calculation of the fractional peak splitting f is, as usual, a bit more difficult than
calculation of g. In Chapter 4, we see that, for U,/W # 0 and g < 1, f is raised
above its U,/W = 0 value by an amount that is, at leading order, proportional to
Uy,/W = 27U,/hw [26]. In the extreme g — 0 limit, the dependence of f on g is
expected to be quite different from that for U,/W = 0: the curve is concave and goes
as (2rU,/hw)(1/|Ing|). The explanation for such behavior is that, for very small g,
the well-localized occupied states that lie at and below the Fermi energy couple only
weakly to similarly well-localized states but couple comparatively strongly to the mostly

transmitting states that lie above the barrier. The penalty for coupling to these states
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is the relatively large energy difference between them, which, from Eq. 1.27, is of order
(hw/2m)|Ing].

Though we do not calculate the correction to the 27U, /hw = 0 behavior in the
strong-coupling (g ~ 1) limit, we can surmise that the drop in the transmission proba-
bility as one goes to lower and lower energies below the Fermi surface probably means
that the 27U,/hw # 0 corrections will bring about a decrease in the fractional peak
splitting relative to that for 2xU,/hw = 0.

Figure 1.10 displays the small-g part of the Ny, = 2 curve for 27U »/hw = 1, which is
the value for 27U, /fuw that appears to correspond to recent experiments (see Chapter 4
for details). In this case, the 27U,/fw # 0 corrections are relatively small in magnitude.
Thus, the interpolating curve does not have to be significantly modified to account for
them, and the experiments can indeed be characterized as being, for the most part, in

a large W or small £ limit. For larger values of &, this need not be the case.
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1.7 Summary and Preview

This chapter has introduced both the general physics of quantum dots and the specific
physics of the Coulomb blockade. It has also provided an overview of the theoretical re-
sults and ca.lpuiations of the chapters that follow. Section 1.1 delved into the particulars
of the definition of quantum dots, describing in detail the large planar quantum dots with
which we are primarily concerned. Section 1.2 reviewed the Coulomb blockade and the
orthodor model that does much to explain it. Section 1.3 described recent experiments
with symmetric coupled dots in which peak‘sp]jtting was seen to be correlated with the
conductance Gy through the interdot barrier. It also introduced the essential program
of this thesis, which is to develop realistic quantum mechanical models that give the
relation between the fractional peak splitting f and the dimensionless channel conduc-
tance g for various values of the number of tunneling channels, Ng,. Sections 1.4-1.6
presented three such models for the regimes of weak coupling (g ~ 0), strong coupling
(9 ~ 1), and weak coupling in the presence of a finite barrier (g ~ 0 with U,/W # 0),
respectively.

The punchline of this chapter is that, in‘ order to describe the transformation of the
Coulomb blockade of two isolated dots into the blockade of one large composite dot, one
must move beyond the classical physics of the orthodox model and adopt an approach
that takes account of quantum mechanical tunneling. In practice, one has to come
up with at least two such approaches—one for weak coupling that is perturbative in ¢
about (g, f) = (0,0) and one for strong coupling that is perturbative in (1 — g) about
(g9, f) = (1,1). Sections 1.4 and 1.5 presented the transfer-Hamiltonian model for weak
coupling and the one-dimensional backscattering model for strong coupling that form
the backbone of Chapters 2 and 3 of this thesis. Chapter 2 gives the leading results
derived from these models; subleading terms are calculated in Chapter 3.

In Chapter 4, the third model for the double dot is introduced. It goes beyond the

search for the curve f(Na,g) by taking into consideration the non-universal quantity
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U,/W , which is the ratio of the charging energy U, and the characteristic transmission
energy scale W. It concludes that the corrections due to nonzero U,/W are potentially
measurable and significant but that, within the range of current experimental precision,
the No, = 2 interpolating curve determined by the universal U /W = 0 results is
fundamentally serviceable over the bulk of the domain of g.

The reader should be warned that there exist small but possibly nettlesome differ-
ences between the notational schemes of the various chapters, each of which is essentially
a self-contained essay. For example, Chapters 2 and 3 use U; and U; where this chapter

uses 2Ug and U,. Chapter 4 uses U for U,.
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Chapter 2

Leading Results for the
Coupled-Dot Blockade

2.1 Introduction

Turning on a tunnel jﬁnction between a bulk lead and a quantum dot leads to progressive
destruction of the single-dot Coulomb blockade [8, 13, 14, 15]. Experiments by Waugh et
al. [19, 43, 44] and Molenkamp, Flensberg, and Kemerink [48] chronicle this eradication
for two tunnel-coupled dots of equal and widely disparate charging energies, respectively.
Inspired by the experimental results of Waugh et al., the present chapter seeks to develop
a simple model for the coherent tunneling of electrons between a pair of electrostatically
identical quantum dots [see Fig. 2.1(a)]. The goal is to describe the evolution of the
Coulomb blockade from that of two isolated dots to that of one composite dot in terms
of parameters that determine the states of the isolated dots and the nature of the
connection between them. In the limits relevant to the experimental situation, we find
that the most important dimensionless parameters are the number N, of conducting
channels between the two dots and the dimensionless interdot barrier conductance g

of each channel, which is measured when the Coulomb blockade has been removed.
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(Waugh et al. [19, 43, 44] measure the conductance through the interdot barrier by
de-energizing the external potentials V,; that separate the dots from the leads. This
conductance is to be distinguished from the conductance measured in the double-dot
Coulomb blockade measurements, which might be referred to as the Coulomb blockade

conductance or double-dot conductance.)

The problem of coupled quantum dots and more generally, of the effect of tunnel-
couplings upon the Coulomb blockade has received much attention. Ruzin et al. [47]
examined the Coulomb blockade structure of two non-identical dots in series via a stan-
dard activation-energy approach. Stafford and Das Sarma [64, 65] as well as Klimeck,
Chen, and Datta [66] have applied Hubbard-like models with and without interdot ca-
pacitances to determine the many-body wavefunctions for tunnel-coupling betweeﬁ a
small array of single-dot eigenstates. Many investigators have studied the effect of tun-
neling upon the Coulomb blockade for metallic junctions, in which there are a large
number of conducting channels [67, 68, 69, 70, 71, 72]. Relatively few have considered
junctions with only one or two channels [33, 73, 74]. Furthermore, the work on one or
two-channel junctions has been restricted to consideration of a single dot coupled to
bulk leads rather than systems of coupled dots. A significant finding of this chapter is
that by introducing a “fictional” difference between the gate voltages on the individual
dots, one can map the two-dot problem onto the one-dot problem and adapt previously

obtained results for strong interdot coupling between a single dot and a bulk lead.

In Sec. 2.2, we present a brief review of the experimental results that have moti-
vated our investigation. In Sec. 2.3.1, we define a tunneling model which is useful for
calculations in the limit of weak coupling between the two dots. In Sec. 2.3.2, we show
how a “center-of-mass transformation” allows one to map the two-dot problem onto
the one-dot problem. Section 2.4 presents the weak-coupling results for our theory, and
Section 2.5 gives the strong-coupling results and offers plots of the data and theory for

one and two-channel junctions. A summary of our findings is provided in Sec. 2.6.




2.1 Introduction 59

= 2N

2DEG

D) Q&

_

Figure 2.1: (a) Schematic diagram for the double dot. Negative potentials are applied
to each of the gates to form the double-dot structure. The gate potentials Vg1 and
V,2 control the average numbers of electrons on the dots. These are the potentials
that are varied to see the Coulomb blockade. Vj controls the rate of tunneling between
the dots. V;; and V2 control the rate of tunneling to the adjacent bulk 2D electron
gas (2DEG) leads. For calculations of the double-dot energy shifts, tunneling to the
leads is assumed negligible compared to tunneling between the two dots. In measuring
the barrier conductance G, however, the potentials V,; are turned off so that each
dot is strongly connected to its lead. The side-wall potentials V,; and Vso are fixed.
(b) Schematic diagram for the single dot. V, now controls tunneling between the dot
and the bulk 2DEG. V, determines the average number of electrons on the dot. For our
purposes, V, and V,, are constant, and tunneling to the bulk 2DEG through the barrier
defined by V, is negligible compared to tunneling through the barrier defined by V.

.
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2.2 Motivation

The experiment of F. R. Waugh et al. [19, 43, 44] provides the primary motivation for
this chapter. These authors study the effect that varying the interdot potential barriers
has upon the Coulomb blockade conductance peak structure for arrays of n dots, where
n equals 2 or 3. For their Coulomb blockade measurements, they energize the confining
gates [Vy; in Fig. 2.1(a)] so that the conductance between the dots and the external leads
is much less than 2e?/h. Having tuned the dots to be electrostatically identical—i.e.,
to have common gate and total dot capacitances Cy and Cy—they find that lowering
the interdot barriers results in interpolation between the peak structﬁre characteristic
of the isolated individual dots and that characteristic of a single composite dot having
capacitance nCs: the initial isolated-dot peaks split into bunches of n sub-peaks, and
the splitting within the bunched sub-peaks increases until they are essentially equally
distributed with n-times the periodicity of the original peaks [see Figs. 2.2(b) and 2.2(c)].
For the double dot (n = 2), Waugh et al. also measure the conductance Gy of the barrier
between the two dots after the exterior walls of the double dot have been removed and
remark that plots of the sub-peak splitting and barrier conductance as functions of the
barrier gate voltage appear substantially similar.

Waugh et al. use a T = 0 “capacitive charging model” to interpret their data. In
this model, electrons on the dots are treated as charged particles with no kinetic energy
that occupy each dot in integer amounts. In the absence of coupling, the energy is given
by the sum of the potential energies of the individual dots. For two dots with common
capacitances Cs and C,, the expression for the energy has an especially simple form:

U )
E= ;(ni - i), (2.1)
where U is the charging energy for each individual dot, U = €?/Cy; n; is the number

of electrons on the ith dot; and ¢; is the gate voltage parameter that determines the

energy-minimizing value of n;. For common gate voltages and gate-to-dot capacitances,
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we have the relations ¢; = Cy;Vyi/e = CyV,/e = ¢. Figure 2.1(a) should help put these

parameters in context.

For each set of integer occupation numbers (n;,ny), the capacitive charging model
with ¢; = ¢ gives an energy E,, »,) that is a parabolic function of the common gate
voltage pa,ré,meter @ (see Fig. 2.2). All the parabolas are identical in shape, their only
distinguishing features being the locations of their minima. The lowest-energy parabola
En,,.(¢) for a given value of Niy = Z?zl n; has ny = ng = Nyt/2 for Ny even and
n1 = ng 1 = (N £ 1)/2 for Nip: odd. In the former even case, the minima all lie on
the line £ = 0. In the latter odd case, the minima are displaced upward, sitting along

E = U/4. For all parabolas, the ¢-coordinate of the minimum is Ny¢/2.

A prominent peak in the double-dot conductance occurs at values of ¢ such that
the lowest-energy parabolas corresponding to consecutive values of N;,; cross—in other
words, at values of ¢ for which En,,(¢) = En,,+1(¢) for some integer N;;. For the
model of Eq. 2.1, this occurs whenever ¢ = m + 1/2, where m is an integer. (One such

crossing point is marked by the black dot in Fig. 2.2.)

In a model in which coupling between the dots is included, the lowest-energy parabo-
las for odd Ny, are shifted downward relative to the lowest-energy even-N;,; parabolas
by an “interaction energy” E,;,:. This downward shift splits each of the initial cross-
ing points into a pair of crossing points symmetric about the position of the initial
degeneracy, from which they are separated by a distance proportional to E;,;. As a
result, each of the initial conductance peaks is similarly split into two sub-peaks with
separation proportional to F;,;. The sub-peak splitting reaches its saturation value
when E;,; = U/4—i.e., when the lowest-energy even and odd parabolas have the same
minimum energy. At this point, the relevant crossing points occur for ¢ = %(m + %)
The corresponding conductance peaks are once again equally spaced, but their period

is now that characteristic of a single dot with capacitance 2Cy.

Thus, in the capacitive charging model, the problem of explaining the peak splitting
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Figure 2.2: (a) Energy curves in the capacitive charging model for electrostatically
identical dots with V; = V42 and zero interdot capacitance. Energies are given in units
of the charging energy U; the gate voltage is given in units of e/ Cy. Each zero-coupling
eigenstate with definite particle number n; on the ith dot gives rise to a parabola,
labeled (ny,n;), which shows the state’s energy as a function of the gate voltage. The
zero of energy is chosen to coincide with the lowest energy possible for states with an
even value for the total number of particles N;,;. The solid odd- Ny parabola gives the
lowest-energy curve only when there is no interdot coupling. The dotted parabola is
the shifted-down energy curve for odd N;,; that results from finite coupling between the
dots. The relevant degeneracy points are indicated by a black dot for zero coupling and
white dots for finite coupling. (b) “Zero-coupling” conductance through the double dot
as a function of the gate voltage. (For ease of viewing, peaks are depicted as symmetric
with uniform finite widths and heights.) Conductance peaks are aligned with the zero-
coupling degeneracy points such as the one shown in (a) and occur regularly with unit
period. (c) Conductance through the dot for finite interdot coupling. Conductance
peaks are aligned with the perturbed degeneracy points. Each zero-coupling peak has
split into two separate peaks, equally distant from the zero-coupling peak position.
Increasing the interdot coupling increases the separation between the paired peaks until
the full set of peaks is again regularly distributed, with half the original period. (This
figure for the capacitive charging model follows that of Waugh et al. [19, 43, 44].)
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reduces to the problem of describing the shift in the ground state energy of a double
dot containing a fixed total number of particles. Waugh [19, 43, 44] has shown that
introduction of a capacitive coupling C;,: between the two dots would allow one to
obtain a picture in qualitative agreement with the experimental results: as the interdot
capacitance goes to infinity, F;,: converges to U/4. However, the magnitude of the
interdot coupling necessary to fit the experimental data is much larger than what one
would expect from an electrostatic interaction between two adjacent dots having a
narrow tunneling channel between them. Waugh found that in order to bring about the
saturation peak splitting, the interdot capacitance would have to grow from its zero-
tunneling value by approximately a factor of 250, to a magnitude ten times larger than
the single-dot capacitances at zero tunneling [19, 43, 44]. If one were to model the two
dots as coplanar sheets of charge being moved closer together as the interdot channel
conductance g is increased—essentially a best case scenario for those wishing to induce
large interdot capacitances—the intercapacitance would depend only logarithmically on
the separation, and the distance between the dots would have to be decreased to much

less than an interatomic length to effect the required growth.

Consequently, the use of a large interdot capacitance Cj,; must be regarded as
simply a reparametrization of the problem which replaces one unknown, E;,;, with
another unknown, Cj,;. What we really want is a theory which produces agreement
with experiment and expresses E;,; in terms of simple measurable quantities. Waugh et
al. provide one candidate: the conductance Gy of the barrier between the two dots. The
remainder of this chapter is devoted to developing a theory of the relation between E;,;
and the dimensionless conductance per tunneling channel ¢ = Gy/N,Go, where Ny,
is the number of independent interdot tunneling channels (assumed to have identical
conductances) and Gy is the conductance quantum e%/h. In the experiments of Waugh
et al. [19, 43, 44], there is no applied magnetic field and the dots are connected by

a narrow constriction allowing only a single transverse orbital mode with double spin
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degeneracy. As a result, in this experimental case, N, equals 2.

2.3 Tunneling Model for the Double-Dot Coupling

2.3.1 Definition of the Model

Our goal can be stated a bit more precisely. For a general tunnel-coupling between two
dots involving any number N, of identical, independent channels and dimensionless
channel conductance g, our aim is to express the fractional energy shift f=4FE;n:/U as
a function of g and N, plus any other parameters that might be found to be important.
In order to derive an equation for f, we first choose a double-dot Hamiltonian. We
will ignore electrostatic coupling of the dots for the moment: it will be noted at the
beginning of Part B of this section that the presence of an interdot capacitance makes no
substantive difference for our analysis. Interaction between the dots will occur solely via
tunneling through the barrier between them. Such tunnel Hamiltonians have been found
useful from the beginnings of Coulomb blockade theory [75], and the model we will use
is a double-dot version of the Hamiltonian used, for example, by Averin and Likharev
to investigate the conductance oscillations of small metal-to-metal tunnel junctions [76].

In particular, we have the Hamiltonian H = Hy + Hr, where

Hy = K+V,
2
K = ZEZéikaﬁika,
=1 o k
U 2
v = EZ(ﬁi_¢i)27
i=1
Hr = ZZ(tklkzcﬁkwclklﬂrH-C-)- (2:2)
o kiks

In these equations, 7 is the dot index, o is the channel index (which could signify different
spin channels), and k is the index for all internal degrees of freedom not included in

the channel index. In addition, #; = > ko Mliko is the number operator for the ith dot,
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and tx, k, is the tunneling matrix element between a dot 1 wavefunction indexed by k;
and the dot 2 wavefunction lying in the same channel and indexed by ky. The gate
voltage parameter ¢; has the same meaning as in Eq. 2.1. ¢y, is the kinetic energy of
the single-particle eigenstate of the ith dot having the indicated degrees of freedom. For

simplicity, we will take these energies to be independent of dot and channel: €, = €.

The next step in focusing upon a model Hamiltonian is to choose a form for ty, k, -
Quite generally, tx, k, will be nonzero only when both k; and k; lie within some wavevec-
tor shell that maximally spans the space between the theory’s low and high momentum
cut-offs. The size of the wavevector shell depends on details of the barrier—in partic-
ular, the characteristic lengths of the channel both parallel and perpendicular to the
voltage wall between the dots. If the barrier has an abrupt delta-function shape, the
tunneling wavevector shell will span all of reciprocal space. If, on the other hand, the
channel evolves adiabatically from the dots, the shell width will be small on the scale of
a Fermi wavevector. Important questions are how many states lie within this shell—i.e.,
how large is the width W of the corresponding energy shell compared to the average
level spacing 6 between different states in the same channel (hereafter referred to as
“the average level spacing” or just “the level spacing”)—and for a given k;, for how
many kg is #x,x, nonzero. Thin-shell models with “one-to-one” hopping elements (i.e.,
for which tx,x, = 0 unless k; = k) have been applied to the coupled dot problem with

5=7 especially for level spacings 6§ which are on the order of the charging

some success,
energy U. For the nearly micron-sized dots used by Waugh et al., however, U is ap-
proximately 400 peV and 6 is on the order of 30 ueV [19, 43, 44], so we expect that a
tunnel-coupling sufficient to destroy the isolated-dot Coulomb blockade will involve a
large number of single-dot eigenstates. Indeed, as it does appear that the characteristic
size of the channel approximates a Fermi wavelength (40 nm) [77], it is reasonable to

suppose that the wavevector shell width is on the order of a Fermi wavevector and,

therefore, that the energy shell width W is comparable to the Fermi energy (13 meV),
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which is much larger than U.

Consequently, assuming an abrupt tunnel barrier, we consider a thick-shell model
that is the antithesis of the injective thin-shell model. Working in a regime where
W > U > §, we use a tunneling matrix element ¢ that is independent of &, and ko
within the shell:

tk k, =t Vki, kg such that €g < ek, €x, < g + W.

As the quantities we calculate are independent of the phase of ¢, we guiltlessly choose ¢
to be real. This model is roughly equivalent to one in which each dot is represented by
a tight-binding lattice with intersite hopping elements of order W/6 and where inter-
dot tunneling occurs via a tunneling Hamiltonian with a single site-to-site connection.
Choosing these tunneling sites to be at the origins 0; and 0, of the respective lattices,

we may write

Hr = Z(Tc;ozaclola + H.c.),

where T' = Nwt and Ny = W/§ is the number of orbital states per channel in each
dot within the bandwidth W. (The equivalent lattice model should include second and
further neighbor hopping so that the density of states is approximately constant between
€0 and €g + W. The lattice constant is chosen by requiring that the product of Ny and
the area of a unit cell equals the area of a single dot.)

As the Fermi energy er must be somewhere between € and ¢ + W, the meaning
of €o depends on the width of the band. For a maximally thick shell, ¢ lies at the
bottom of the conduction band, and W is an ultraviolet cut-off, which is chosen to be
of order twice the Fermi energy. Alternatively, when the barrier between the dots has a
broader spatial extent, the energy shell sits more narrowly about the Fermi energy, and
the width W is on the order of the energy difference needed to produce a factor-of-two

change in the magnitude of the transmission amplitude for an incident particle. We
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define a dimensionless filling parameter
€F — €
F=—-——0—
W ?
which gives the position of the Fermi level within the bandwidth W. Provided that
(1-FW and FW are both large compared to U, our final results should be indepen-

dent of the precise values of W or F.

2.3.2 Map between the Double- and Single-Dot Systems

The model we have constructed is basically the two-dot version of that used by L. I.
Glazman and K. A. Matveev [73] and by H. Grabert [72] to study the charge fluctua-
tions of a single conducting island connected via point-tunnel junctions to conducting
leads [see Fig. 2.1(b)]. Indeed, by using an analog of the standard center-of-mass trans-
formation of classical mechanics and fixing the total number of particles in the two-dot
system, we can create an exact mapping between the two-dot and one-dot problems.
Consider again the double-dot potential energy V. By transforming to the analog of

center-of-mass coordinates, one generates the following form:
V = D (Rt = 1) + V(i 2
= Z( tot — Ruot)” + Uz — p/2)*, (2.3)

where Ntot = E?:l iy Ppor = Z?:l ¢i, 1 = (7‘7,2 - ﬁl)/2a p=¢2—¢,and Uy = Uy =
U = €%/Cyx when the interdot capacitance is zero. The rationale for the normalizations
for 7 and p will soon be made apparent. In the meantime, note that for our Hamiltonian,
Nyot is a constant of motion. Thus, for given N;y, ®;,4, and Uy, we can drop the first

term and insert in the Hamiltonian a reduced potential energy:
Vrea = Ua(f — p/2)2 (2.4)

The impact of a nonzero interdot capacitance can now be trivially included: its only

effect is to decrease the value of U,.
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In particular, in unpublished work [49], C. H. Crouch and J. M. Golden have found
that if Cy is defined to be the total capacitance for a single dot minus the interdot
capacitance, introduction of a constant interdot capacitance Cj,; decreases U, from
€?/Cs to €2/(Cs + 2Cins). The equality U; = U = €2/Cy is left unchanged. For a
given value of the conductance parameter g, if f is the fractional peak splitting in the
model with zero capacitive coupling between the dots, then the fractional splitting f’

for a system with an interdot capacitance is simply related to f by the equation
U,
(1-f)= 7= 5. - (29)

Capacitive coupling between the dots thus leads to a nonzero splitting (' # 0) even
when there is no tunneling between the dots (f = g = 0).

We can now return to Eqgs. 2.3 and 2.3. Restrict N;,; to be even. Then, 7 has integer
expectation values in all the unperturbed double-dot eigenstates. With the total number
of particles in the two dots held constant and even, the Hamiltonian is exactly that of
a single dot tunnel-coupled to an ideal lead. The dot has number operator #, charging
energy 2U;, and gate voltage parameter p/2. In the absence of tunneling and with the
level spacing in both dots much less than Us, the ground state is an eigenstate of # that
minimizes the reduced potential energy, which in the future we consider equivalent to
“the potential energy.” For p = 0, the minimum potential energy is zero and is achieved
when the eigenvalue 7 of 7 is zero—i.e., when there are equal numbers of particles in the
two dots. All other values of n give higher potential energies. For p = 1, on the other
hand, the minimum potential energy is U;/4, and n = 0 and # = 1 give degenerate
minima.

These no-tunneling distinctions between zero and U;/4 and between nondegeneracy
and double degeneracy are quite familiar: they characterized the even and odd double-
dot ground states (p = 0 for both) discussed in Sec. 2.2. Indeed, what we called the
“even double-dot ground state” is precisely the “N;,; even, p = 0 ground state.” The

“odd double-dot ground state” is not exactly the same as the “Ny,; even, p = 1 ground
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state”; there is no getting around the fact that one case has one more (or less) particle
than the other. However, in terms of their ground state energies, the difference between
the two will be down by a factor of FNw or (1 — F)Nw. For a wide shell somewhere in
the vicinity of half-filling, both FNw and (1 — F)Nw are much greater than one, and
the above difference is negligible. Calculation of E;,; with ¢; = ¢, for the double dot
is therefore equivalent to calculating the relative shifts of the p = 0 and p = 1 ground
states of a single dot tunnel-coupled to a bulk two-dimensional electron gas. Having
arrived at this conclusion, we will find that we have made much easier the job of solving
Waugh’s two-dot problem in the strong coupling regime: we can now redirect earlier

work on the one-dot problem to our purpose.

More generally, we observe that we have created a model that extends beyohd
Waugh’s experiment to circumstances where the two dots have different gate voltage
parameters. Such situations can also be mapped to the one-dot problem. As the mini-
mum potential energy is periodic in p with period two and is also even in p, the general
solution is given by that for p in the interval [0, 1]. For p in this interval, the difference in
the ground-state energies of the double-dot system for even N;,; and odd N;,; is related
to the difference in the ground-state energies of the single-dot system for gate voltage
parameters p and 1 — p. The theory developed in this chapter permits calculation of the
relative downward shift of the p # 0 ground state to the p = 0 ground state. Dividing by
the zero-tunneling energy difference of the two ground states, we find that our emended

aim is to calculate

Ein
fp = <"ﬁ#(/pi) = \I’p(g’Nch,QhNW, F)7 (2'6)

where 0 < p < 1, u = Uy/W, Nw = W/§, and E;n(p) is the ground-state energy

relative to the ground-state energy for p = 0.
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2.4 Results in the Weak-Coupling Limit

2.4.1 Barrier Conductance in the Weak-Coupling Limit

Before we can derive our equation for fp in terms of g, we must find a formula for
the barrier conductance. Measurement of the barrier conductance Gy with the exterior
gates turned off can be modeled by calculating the tunnel junction conductance for
U1 = U; = 0. As mentioned before, we assume the different conducting channels to be
identical yet independent—their individual conductances are the same and they do not
interfere with one another. These assumptions are certainly reasonable for the two spin
channels in the experiment. Using the Lippmann-Schwinger equation with Hy inserted
for the scattering potential [78], one can solve for the perturbed electron eigenfunctions.
The Heisenberg equation of motion for 7; can then be used to solve for the particle flow
from dot 1 to dot 2 for a given voltage bias. Solving the resulting expression for the
linear conductance gives the following equation for the dimensionless conductance per

channel:

_ Gy _ 4o
9= NanGo 11+ xaf?’

(2.7
where a = (xT/W)? = (nt/6)* and x = [1 + £In(;E5)]%. This equation generalizes
H. O. Frota and K. Flensberg’s result for half-filling (F = 0.5,x = 1), derived via a
Green’s function-Kubo formula approach [74]. It is reassuring to note that despite x’s
imaginary part for F' # 0.5, the maxima)l dimensionless conductance is one for all filling
fractions.

The calculated conductance Gy exhibits rather curious behavior: it first rises to a
maximum of N, Gp corresponding to N, fully open channels and then falls asymptot-
ically to zero as (T'/W = t/6) — co. As Frota and Flensberg note [74], the asymptotic
damping of the conductance results from the fact that formation of bonding and anti-

bonding states at the tunnel junction makes the cost of passing through prohibitively

high. The limit of (T/W = ¢/6) — oo is in some sense unphysical: we do not expect
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a point-to-point hopping coefficient T to significantly exceed the tunneling shell width;
nor do we expect the tunneling matrix element ¢ to be much greater than the average
level spacing. Nevertheless, the apparent absence of any good reason to truncate the
theory at a particular value of ¢ indicates that the model is at best unwieldy in the limit
of strong coupling. To get the correct limiting behavior for strong coupling, it is more
convenient to use a different approach, suitable for perturbation about the g = 1 limit.

This will be described in Sec. 2.5.

2.4.2 Relative Energy Shift of Even and Odd States in the Weak-
Coupling Limit

In the meantime, the site-to-site tunneling model is still useful in the weak coupling
regime. So we plod ahead, calculating via standard Rayleigh-Schrédinger perturbation
theory the second order shift in the ground state energy for p # 0 minus that for p = 0.
The p = 1 shift will be taken to equal the limit of the general 0 < p < 1 shift as
p — 1. It might be objected—correctly— that this limit fails properly to account for
the degeneracy of the ground state at p = 1. Such a failing is pardonable, however, for
the contributions that are left out are all smaller by a factor of FNyw or (1 — F)Nw
from those which are retained. Since we assume that /6 is finite, F" is of order %, and
Ny is large, the omitted terms are negligible.

For Nw > 1, the perturbation theory sums can be approximated as integrals.
Observing that u = Uy/W < 1, we divide the difference between the second order

shifts by Uzp?/4 to get the leading approximation to f,:

2 /1
D = aNagz (55) (0-pma-p)

+(1+ p) (1 + p) + O(up?). (2.8)

The second-order term indicates a significant feature of f,: it is even in p. This property

has also been noted by H. Grabert [72] and results from the fact that at any order of
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perturbation theory, every tunneling process contributing to the energy shift has a
twin with the roles of dots 1 and 2 interchanged. In any intermediate virtual state
with eigenvalue n for 7, the potential energy is greater than that for the unperturbed
ground state by 6V (p) = Upn(n — p). Therefore, when dots 1 and 2 are interchanged,
6V (p) — 6V (—p) for all the intermediate states. If we represent one of the twin terms
by A(p), the other is A(—p), and we see that f, is constructed of sums that are even
in p.

Using the second-order (in ¢/6) parts of g and fo, we can now write a first-order

equation for f, in terms of g:

[ = Newg (;1-) (1 - p)In(1 - p)

2
+(1+4 p)In(1+ p) + O(up?)), (2.9)
a result consistent with the large- N, calculation of the effective capacitance of a single
dot at p = 0 [67]. Setting p = 1 to calculate the relative shifts of the original even and

odd states, we find

2In2
FARES —Neng + O(ug, g%, (2.10)

where we have used the fact that f as originally defined without the subscript is equiva-
lent in our limits to f,=;. The above equation indicates that the plot of f as a function
of gate voltage is not just a replica of the plot for ¢ as a function of gate voltage —as
a prima facie look at Waugh et al.’s data might lead one to suppose (19, 43, 44]. In
particular, for ¢ < 1 and N, = 2, Eq. 2.10 gives a slope of approximately 0.28 for f(g),
rather than unity. Thus, in this regime, the fractional splitting f of the double-dot

conductance peaks should lag g, the dimensionless barrier conductance per channel.

2.5 Connection to the Strong-Coupling Limit

If we blithely extended our perturbative equation for f to the limit g — 1, the large- N,

J would greatly overshoot its mark and the one or two-channel f would fall substantially
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short. The real issue is not, however, how badly such a naive extrapolation fails, but
whether we can connect these weak-tunneling results to those that can be calculated for
the strong-tunneling limit. Having discussed the equivalence of the two-dot and one-dot
problems at length in Sec. 2.3.2, we can turn to see what the current literature on the
one-dot problem offers. For the large- N, limit, a reasonable interpolation between the
solutions for weak and strong coupling has already been found.®%1!

The situation is less clear for the case with which we are most concerned, in which
N.h equals one or two. Flensberg and Matveev [33, 34] have proposed a useful Lut-
tinger liquid approach in which the nearly transparent link between a single dot and
an electrode is modeled as a one-dimensional channel with a slightly reflective poten-
tial barrier. Convergence to the single composite-dot limit is achieved naturally and
neatly, and E;; is calculated perturbatively in r, where 7 is the reflection amplitude,
and ¢ = 1 — |r|%. Using the map between the two-dot and one-dot problem, we can
translate Matveev’s calculations of the leading term for (1 — g) < 1 to our language.
We find that for N, = 1 (i.e., assuming spin polarization), the fractional peak splitting

in the two-dot problem when p = 0 is given by the following:

8¢e7
f=1—017r—62\/1——g'+... (2.11)

where v ~ 0.577 is the Euler-Mascheroni constant and C; is an error factor on the order
of 1 that we have inserted to guard against the possible imprecision of calculating in
Luttinger liquid theory with a finite cut-off [79]. For the case relevant to the experiments

of Waugh et al. [19, 43, 44], that of N, = 2, adaptation of Matveev’s calculation gives
16€”
f= 1+C'2?(1—g)ln(1-—g)+... (2.12)

where C3 is an error factor analogous to Cj. Except for the logarithmic factor in
the second formula, these equations are of the form suggested by the scaling analysis
of Flensberg [33], which predicts effective charging energies behaving as (1 — g)™Ner/2,

Matveev’s initial two-channel solution is, in fact, linear in (1 — g) but diverges logarith-
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mically as Uz/é — oo. A higher-order analysis to eliminate the divergence [34] replaces

the logarithm with argument U/ by one with argument (1 — g)~L

In Fig. 2.3, we show the f-versus-g plots given by the weak and strong coupling
formulas (2.10), (2.11), and (2.12) for Ny, = 1 and N, = 2 with Ci=Cy=1. In
each case, a possible interpolation between the weak and strong coupling limits is given
by a dashed curve. For N., = 2, the corresponding experimental data of Waugh et
al. [19, 43, 44] is also plotted. Given the experimental error implicit in the dispersion of

the data points themselves, the data is seen to be in reasonable agreement with theory.

It is clear, however, that, unlike the calculations for N, > 1, for N,; = 2 the order
of calculation completed so far does not really allow confident interpolation between the
weak and strong coupling limits. On the strong-tunneling side, C5 ~ 1.5 would effect
greater agreement with our suggested interpolation: Luttinger liquid theory’s prediction
of C; = C2 = 1 must certainly be checked. With respect to the weak-tunneling results,
calculation of higher orders in perturbation theory should improve the matching, but
such computations are made difficult by the fact that the correlations induced by the
strong Coulomb interaction make normal Green’s functions methods inapplicable [71].
Different time orders must be treated separately, and as appears to occur quite generally
in Coulomb-blockade problems [80], the number of diagrams grows pathologically with
the order in perturbation theory. Nevertheless, calculation of the g%-term in the weak-
tunneling limit is conceivable, and this term may permit a more reliable interpolation

between the weak and strong coupling regimes.

Irrespective of the difficulty of connecting the strong and weak coupling limits, it
should be emphasized that despite the uncertainty in the coefficients C1 and Cs,, the
strong coupling results do give an important constraint on the form of the theoretical
f-versus-g curves—viz., the value of f must reach 1 at the point where g equals 1. Thus,
a model that treats the Coulomb blockade peak splitting as a function of the interdot

channel conductance produces the experimentally observed saturation splitting for a
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Figure 2.3: Plots of the fractional Coulomb blockade conductance peak splitting f
as a function of the dimensionless conductance per channel ¢ in the weak and strong
tunneling limits for (a) Nos =1 and (b) N = 2 with coefficients C; = C; = 1 in
Eqgs. 2.11 and 2.12. Possible interpolating functions are shown by dashed curves. Data
points from Waugh et al. [19, 43, 44] are given as triangles or stars; the two different
symbols correspond to different data sets. The value of f for the experimental data has
been extracted from the measured splitting fraction f’ as discussed in Sec. 2.3.2 with
Uz/U =~ 0.9. This choice of Uy/U corresponds to the constant interdot capacitance of
20 aF and total single-dot capacitance of 0.4 fF estimated for the experiments of Waugh
et al. [19, 43, 44].
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reasonable physical value of the parameter g that marks the strength of the interdot
coupling. This fact can be understood by noting that a non-zero interdot conductance
results in charge fluctuations between the dots for which the natural energy scale is Uy,
the energy scale that characterizes the difference between the p = 0 and p # 0 ground
states. As g increases, larger and larger charge fluctuations, in which multiple electrons
move from one dot to the other, become increasingly significant, and the initial g=0
difference between the p = 0 and p # 0 ground states becomes less relevant to the
energy of the g # 0 ground states, which after all are superpositions of a great number
of g = 0 eigenstates with a wide variety of charge distributions.

The decrease in the p-dependence of the ground state energy for g # 0 could be
described, at least approximately, by an “effective interdot capacitance.” However, the
introduction of such a fictive and, as noted in Sec. 2.2, unphysical mediator merely begs
the question of how such a large effective interaction is produced. Tunneling provides
an answer by allowing electrons to hop back and forth between the dots, interacting

directly with their “neighbors” through the pre-existing g = 0 two-dot capacitances.

2.6 Conclusion

Following the work of Waugh et al. [19, 43, 44], we have investigated the relation between
the barrier conductance and the Coulomb blockade for two electrostatically equivalent
dots connected by one or more identical tunneling channels and have found an expla-
nation for the evolution of the double-dot Coulomb blockade that does not rely upon
unphysically large values for the interdot capacitance, the intradot level spacing, or the
number of conducting channels. We propose to write the fractional peak splitting f of
the Coulomb blockade conductance peaks as a function of the number of channels N
and the dimensionless barrier conductance per channel g, assuming that the energy level
spacing 6 is small compared to the interdot Coulomb blockade energy U, and that U,

is small compared to the bandwidth W of states over which the amplitudes for trans-
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mission through the barrier are roughly constant. Using a “uniform thick-shell model”
for the tunneling term in the Hamiltonian, we solve for this function to leading order in
the limit of weak interdot coupling. We find that in this limit, the peak splitting should
evolve linearly with the total barrier conductance with a slope substantially less than
one.

In order to solve for the strong-coupling limit, we have introduced a “fictional”
difference between the gate voltages on the individual dots. Such a generalization of the
two-dot problem makes it relatively straightforward to adapt our analysis to situations
where there is a voltage bias between the two dots [45]. Its purpose here is to allow
for a map between the previously unsolved two-dot problem and a better known one-
dot problem. The strong-coupling results that we obtain via this mapping give an
asymptotic form for the peak-splitting that behaves as (1 — g)In(1 — g).

In the case of N, = 2, which is pertinent to the experimental results of Waugh et
al. [19, 43, 44], the present limiting forms for strong and weak coupling do not match
up well enough to allow a reliable quantitative interpolation between the two limits.
Nevertheless, a plausible interpolating curve is in qualitative agreement with existing
experimental data. More precise experimental results would allow for a test of the slope
predicted for the weak tunneling_ limit. An extension of current theory is still necessary

to permit a convincing connection between the two asymptotic limits.
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Chapter 3

Subleading Results for the
Coupled-Dot Blockade

3.1 Introduction

The opening of tunneling channels between two quantum dots leads to an erosion of
the individual dots’ Coulomb blockade [8, 13, 14, 15]. For a pair of electrostatically
identical quantum dots (see Fig. 2.1(a) for a schematic view of the double-dot struc-
ture), the progress of this erosion can be chronicled by tracking the splitting of the
Coulomb-blockade conductance peaks as they evolve from doubly degenerate single-dot
conductance resonances to nondegenerate double-dot peaks with twice the original pe-
riodicity [19, 43, 44, 51, 53, 54]. For a system in which the tunneling channels can be
treated as having the same individual conductances and in which the Coulomb charging
energies are large compared to the single-particle level spacings but small compared to
the tunneling channel bandwidths, the fractional peak splitting f can be expressed as
a function of two parameters: Ng,, the number of tunneling channels between the two
dots, and g, the dimensionless conductance per tunneling channel. (In this chapter, the

conductances indicated are always dimensionless conductances, by which we mean the
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actual conductance divided by the conductance quantum, 2/ h.)

In particular, for weakly coupled dots (g — 0), the fractional peak splitting ‘can be
expressed perturbatively as a sum of terms of the form Amn(Neu)™g", where 1 < m < n
and @, is independent of Ny, and g. Chapter 2 has produced the leading term in
this expansion. However, as this term is simply linear in the total interdot tunneling
conductance, gior = Nchg, it does not distinguish between behavior in the large- N, and
small- N, limits. To make such :i distinction, one must calculate to second order in g,
in which case one obtains two sets of terms, one proportional to Nag? = g%, /Na and

the other proportional to (Ng,)%¢? = ¢Z,,.

As in Chapter 2, the fractional peak splitting is calculated by adding an additional
dimensionless parameter p to the problem, where p represents a capacitively weighted
voltage difference between the two dots. The fractional peak splitting f is then found
to be given by the more general function of p, f,, at p = 1. The introduction of the
parameter p allows for a clear mapping between the problem of two tunnel-coupled dots
and that of a single dot coupled to a bulk lead [51]. It also allows for consideration of
experimental situations in which there is a voltage bias and p # 0 [45]. In addition, the
introduction of this parameter allows for comparison of the results of our calculations
with those of workers in the field of metallic junctions [67, 68, 70, 72, 81], who have been
concerned primarily with calculating quantities such as “effective charging energies”
Uegr (or, alternatively, “effective capacitances” Ceg = €2 /2Ues), which are related to
derivatives with respect to p of p?f,. Thus, the (Ng)2g? terms in the expansion of
J, that we derive in this chapter can be compared with weak-coupling calculations
from the theory of metallic junctions [67, 72] in which quantities such as the effective
charging energy are expanded perturbatively in powers of Ngg. (The reader should
note that, for the purpose of computing such derivative quantities as Ueg, the weak-
coupling calculations performed in this chapter are only useful when p lies far from the

singular point p = 1 [82].)
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Some of the most interesting work on large- N, metallic junctions has been concerned
not with this weak-coupling limit but, rather, with the strong-coupling regime in which
such a simple perturbative expansion in Ng,g is inapplicable [68, 70, 81]. Study of the
strong-coupling limit ¢ — 1 for small- N, junctions has also proven fruitful, revealing a
dramatic dependence of the peak splitting on Ng,. In the cases of Ng, = 1 and Ny, = 2,
the leading corrections to a fractional peak splitting equal to one (f = 1) have been
found to be proportional to /T — ¢ and (1 — g)In(1 — g), respectively [34, 51, 53, 54],
and it has been hypothesized by Molenkamp, Flensberg, and Kemerink [33, 48] that,
for Ng, > 2 but finite, the leading nontrivial term is proportional to (1 — g)Nen/2, This
last suggestion appears to correspond to calculations of the “effective charging energy”
Ues for metallic junctions [68, 70, 81], where, once again, the effective charging energy
is proportional to the second derivative of p?f, at p = 0. Consequently, Ug can be
expected to scale with (1 — ¢g) in the same manner as the p-dependent corrections to
the fractional peak splitting f = f,=1, and it is reassuring that the metallic-junction
limit gives an effective charging energy proportional to e~9/2 which is equivalent to

(1 = giot/Nen)Vev/2 in the limit Ng, — oo.

Despite the recent progress in study of the strong-coupling limit, for the caée of most
direct experimental interest, Nop = 2 [19, 43, 44, 48], the leading-term calculation [34]
that has previously bee;n used fails to be completely satisfactory for at least three rea-
sons. The first is that this calculation does not answer the question of whether the
coefficient of (1 — g)In(1 — g) is affected by the manner in which the ultraviolet cutoff
is imposed in the low-energy bosonization approach [51]. The second is that the coeffi-
cient of the subleading term linear in (1 — g) is both unknown and naively infinite [34].
Finally, there is the worry—which also applies to the weak-coupling result—that, for
N, = 2, interpolation between the solutions for weak- and strong-coupling is difficult

because the respective f-versus-g curves do not come especially close [51].

This chapter addresses these three concerns for the two-channel problem and also
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extends earlier results for the general Ny,-channel problem in the limit of weak coupling.
In so doing, it illuminates the difference between large- Ny, and small- Ny, behavior for
g = 0, creates a theory that can be more realistically compared to experimental results
for Nep = 2, and argues for the universality of the results, which should be independent
of the nature and magnitude of the ultraviolet cutoffs. Section 3.2 presents the g?
extension of the weak-coupling theory and checks the result against calculations in the
Nen — oo limit. Section 3.3 gives the (1 — g) correction to the leading dependence in
the strong-coupling limit for N, = 2 and shows a plot of the experimental results and
revised theoretical predictions for two-channel interdot junctions. Section 3.4 argues
that the strong coupling results of Section 3.3 are independent of the nature of the way
the ultraviolet cutoff is imposed and do not change when one allows the fermionic theory
to stray from half filling. Section 3.5 summarizes the results, and Appendices A and B

present technical details of calculations in Sections 3.2 and 3.3, respectively.

3.2 The Weak-Coupling Limit for Arbitrary N,

For weakly coupled quantum dots, we use a model “site-to-site” hopping Hamilto-

nian [51] and calculate perturbatively in the tunneling term Hy:

H = Hg+ Hc,
2

He = ) 3N ahio,
i=1 o k

Ho = Ux(f—p/2)?,

Hr = Y ) t(ch, ek + He). (3.1)

o kiks
As in Chapter 2, in these equations, i is the dot index; ¢ is the channel index; k is the
index for all internal degrees of freedom not included in the channel index; H¢ is the
part of the electrostatic potential energy that is affected by interdot tunneling; 7 is half

the difference in dot occupation numbers, i = (fi3—#;)/2; p is a differential gate voltage
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parameter and is restricted to values between 0 and 1 (as permitted by the system’s
unit periodicity); and Uy is the differential charging energy, which, for electrostatically
equivalent dots, is given by the formula U; = €%/(Cs +2Cint), where Ciy is the interdot
capacitance and Cfy is the total single-dot capacitance minus the interdot capacitance.
If the dots are not electrostatically equivalent, the formula for U; and the definition of
p are more complicated [63, 54]. However, the model is still applicable, and the results

for f, can still be used to obtain the peak splitting,.

These calculations are made palatable by assuming that U; is much smaller than the
tunneling-channel bandwidth W yet much greater than the average intrachannel level-
spacing 6: W > U, > 4. This assumption leaves us with a theory that we can consider
to be in the continuum limit and that we can hope to be independent of ultraviolet
cutoffs. As the bandwidth is presumably of the order of the Fermi energy e, these
assumptions are reasonable for the micrometer-sized dots of Waugh et al. [19, 43, 44],
for which er = 10 meV, U; =~ 400 peV, and § = 30 peV.

As in Chapter 2, our primary goal is to calculate the fractional peak splitting f—
i.e., the ratio of the distance between split Coulomb-blockade subpeaks for a given g
and their maximal separation in the strong-coupling (¢ — 1) limit. It was shown in
Chapter 2 that, if the total number of electrons on the two dots is assumed even, the
problem of soiving for f is a corollary to the problem of solving for a more general
quantity f,, which characterizes the ground-state energy of the double dot when the
difference between the external potentials applied to the dots is nontrivial and the total
number of el;actrons on the two dots is fixed and even. Recall the equation for f,:

— Ao - A,

fo= Tap?a (3.2)

where A, is the shift in the ground state energy induced by tunneling at a given value
of the gate voltage parameter p and U;p?/4 is the difference between the unperturbed

ground-state energies for the given p and p = 0. In Chapter 2, it was shown that, for
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symmetric dots,

f = fp=1 . (3.3)

It was also determined that f, exhibits the following leading behavior as g — 0:

N
= Sall= )= p)+(1+ p)n(1 +p)
+ 0(p*/9)], (3.4)
where 1 = W/U, > 1. Thus, the corresponding leading behavior for fis
2In2
fV = —==Nawg + O(Nang /%) - (3.5)

Extending perturbation theory beyond this result—i.e., beyond first-order in g—
requires some laborious computation. The next-leading contributions come from two
sources. The first, which we shall call f,gu), arises from a combination of the second-
order energy shift that has already been calculated and the second term in the formula
that relates the tunneling amplitude ¢ to the channel conductance g. (The first term in
this formula was used to derive Eq. 3.4. ) The second source of g2 terms, f(2 ) is the
shift in the ground-state energy provided by terms that are fourth-order in 2.

The first contribution is relatively easy to calculate. The equation for g in terms of
t has been derived for half filling by Frota and Flensberg [74] and for arbitrary filling in
Chapter 2. In the latter calculation, the system is assumed to have a constant density of
states between single-particle energies ¢p and (€0 + W), the density of states being zero
elsewhere. The system’s level of “filling” is then characterized by the filling fraction
F = (er — €0)/W, where €p is the Fermi energy. In accordance with the half-filling

result, one then finds the following:

0= s T (3
where x = (71/6)? and 5 = (1/7)In[F/(1 - F)]. Inverting this expression, one discovers
that

L 1+ ———g + O(gz)] (3.7)
62 47r2
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Consequently, our first g2 term is equal to the right side of Eq. 3.4 multiplied by

(1-n%)g/2:

Y = (1- n2>N°**g§ [(1-p)In(1 - p)

272p
+ (14 p)In(1 + p) + O(p*/9)]. (3.8)
This term is of the expected form ag?A)Ncth, where afff ) is a function of p-
On the other hand, ag?f ) is dependent on the filling fraction F, a fact which appears

to imperil our dreams of a theory that is univérsal in that it is insensitive to the details
of the high-energy behavior (including whether, for example, certain high-energy states
exist and therefore have a role in determining the filling fraction F). We shall see,
however, that the F-dependence of f,SzA) actually serves our end, for it exactly cancels
the F-dependence of f,ﬂzB) . As a result, we can further conclude that, through second
order in the channel conductance g, expression of the fractional peak splitting in terms
of the channel conductance is not only convenient for comparison with experiment but is
also necessary and sufficient for constructing a result that can be hoped to be universal.
To support this claim, we must actually determine the value of f,ng). Sadly, it
cannot be obtained as effortlessly as f‘ng)- There are 24 separate terms that contribute
to the fourth-order energy shift. One 12-member subset consists of terms proportional to
(Nen)?; the second consists of those simply linear in Ng,. All but four of the twenty-four
terms correspond to a specific series of four tunneling events that begin and end with
the double-dot system’s unperturbed ground state. The remaining four, which belong
to the (Ng,)? subset, correspond to the fourth-order terms in Rayleigh-Schrédinger
perturbation theory that are products of the second-order energy shift and a propagator
squared. These four have been described by Grabert as diagrams with insertions [72].
In general, the nature of the twenty-four fourth-order terms is most digestibly sum-
marized via a diagrammatic representation that looks essentially like one of time-ordered
single-particle diagrams (see Fig. 3.1). Despite the superficial single-particle nature of

this representation, it is important to remember that the propagators that enter into the
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energy calculations are the propagators for the entire double-dot system, which depend
upon both the tunneling particles’ individual kinetic energies and the system’s multi-
particle potential energy. The presence of the multiparticle potential energy makes it
impossible to reduce the calculation to the normal Feynman diagrams, for which one
can write the problem entirely in terms of single-particle propagators. The presence
of exchange terms, which do not appear among the diagrams proportional to (Ng,)?,

makes a pseudo-single-particle representation necessary.

Within this time-ordered perturbation theory scheme, the individual fourth-order
terms are plagued by both ultraviolet and infrared divergences. Every term is divergent
as the bandwidth goes to infinity and four of the (Ng,)? terms are divergent as p — 1.
(A different set of four is divergent as p — —1.) From the result for f,gl), we might hope
to cancel the ultraviolet divergences and to obtain an answer for the ground-state energy
that is infrared-singular but not infrared-divergent. Indeed, as Grabert has noted [72],
the ultraviolet divergences of the (Ng,)? terms must drop out since, in the limit U, — 0,
these terms correspond to disconnected diagrams or insertion diagrams that exactly
cancel one another and thus do not appear as Feynman diagrams. In contrast, the Ng,
diagrams do have nontrivial Feynman-diagram analogs. As a whole, they correspond to
a single totemic Feynman diagram—an individual ring marked by four tunneling events.
The ultraviolet divergences of these diagrams are therefore expected to be persistent but
irrelevant because we are interested only in the relative shift between the ground-state
energies for arbitrary p and for p = 0 (recall Eq. 3.2). Accordingly, we expect that, when
one subtracts the fourth-order shift for p = 0 from that for arbitrary p, the fourth-order
terms produce a result that is neither ultraviolet- nor infrared-divergent but is infrared-
singular as [p| — 1. A brief summary of the actual calculation of these terms follows.
Those interested in more detail are invited to peruse Appendix A, which offers a fuller
description of the calculation of the (Ng,)? diagrams and a step-by-step computation of

the contribution from one representative Ng, term.
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Figure 3.1: Diagrams for half of the (a) fourth-order, (Ne,)? terms and (b) fourth-order,
Ng, terms. The remaining terms are represented by diagrams that are mirror images of
these. A vertical dashed line is drawn for each of the m particles that tunnels at least
once from one dot to the other. This line stands for the corresponding particle’s initial
state, a state that must be filled at the end of the four tunneling events in order to
recover the unperturbed ground state from which the system starts. A particle begins
at the bottom of its vertical initial-state line. Particles in dot 1 propagate upward and
rightward. Particles in dot 2 propagate upward and leftward. A tunneling event for a
particle is signaled by a solid dot that coincides with a bend in the particle-propagation
path. Each particle must end on one of the dashed vertical lines, meaning that it
ends in the single-particle state that corresponds to that line. Insertions (see Sec. 3.2)
are represented by triangles that project off a single-particle propagation line. If the
projection points up, the insertion corresponds to the term in the second-order energy
shift for which a particle tunnels off the dot occupied by the propagating particle. If the
projection points down, the insertion corresponds to the second-order term for which
a particle tunnels onto the dot occupied by the propagating particle. In the absence
of exchange, all particles end on their own initial-state lines. A two-particle exchange
carries a minus sign and results in each of two particles ending on the other’s initial-state
line. Three-particle exchange carries no sign (alternatively, one can view it as carrying
two canceling minus signs) and results in each of three particles ending on one of the
others’ initial-state lines.
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For the less scrupulous, there are still a few facts worthy of note. A prominent
feature of the fourth-order calculation is that each term involves the integration over
four energy variables (¢;, where ¢ ranges from 1 to 4) of a product of three propagators.
In the (Na)? diagrams, the energy variables “pair off”: €, and €3 only appear as parts
of the combination €1 = (€3 —€;), and €2 and ¢4 only appear as parts of the combination
€11 = (€4 — €2). As a result, calculation of these terms reduces to the performance of
double integrations over €; and e;— albeit with a nontrivial density of states.

The Ne, diagrams cannot be handled in this way, for they involve particle exchanges
that frustrate any desire to pair off the energy variables. The quadruple integration
over the ¢; cannot be eluded. It can, however, be expedited by differentiating twice
with respect to p while integrating out the energy variables and, then, integrating twice
with respect to p in the end. One might worry about the fact that, by differentiating
twice with respect to p, one has lost knowledge of terms constant and linear in p-
However, these terms are unimportant. As noted in Chapter 2, the ground-state energy
(perturbed or unperturbed) is symmetric in p- Therefore, terms linear in p must cancel
out of the fourth-order energy shift when all the terms are summed. Constant terms
are similarly negligible since, as usual, we are only interested in the relative energy shift
A, — Ag.

After the aforementioned tricks for calculating the (Ng,)? and Ng, diagrams have

been used, the only real wrinkles that remain are integrals of the form

» /W ln(a: + B)

’

where 0 < [A| < B, R is either F or (1 — F), and, as before, ) = W/U,. The symbol P
indicates that, for A < 0, only the principal value of the integral is calculated. These
integrals can be done by rewriting the argument of In(z + B) as [(z + A)+ (B - A)]
and Taylor-expanding about (z + A) for (B — A) < |z 4+ A| and about (B — A) for
(B — A) > |z + A|. The result of such an integration may be sensitive to whether the
system is below half filling [F < (1 — F)], at half filling [F = (1 — F)], or above half
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filling [F" > (1 — F)]. However, the system as a whole has particle-hole symmetry, so
one expects that the final result—once all the terms are summed—is symmetric under
exchange of F' and (1—F). If there is no jump discontinuity when the system is precisely
half full, the result for F < (1 — F') should determine the answer for all “finite” F, by
which we mean all F such that F¢,(1 — F)¢ > 1. This thesis has been explicitly
confirmed.

Indeed, the (Ng)? part of the fourth-order relative energy shift is found to be in-

dependent of the filling fraction. Its contribution to f, has a rather lengthy explicit

form:
@B) _ (Na)¢®, 7 ,
foNay = gy =g T4l = p)n(1-p)
1-p2
+—5—In%(1-p) - 2(2- p)n[2(2 - p)]
1 2
+ (14 p)In(1 - p)

2
—2In(3 — p)In(1 - p) + In%(3 — p)

+ 822 Py ) —1n(3 - pp

- (5—4p+P2)§: S (1 _p)n

n? 3-p
2
- 51; 3 4 8ln2 45k
+lp—-p]}, (3.9)

where the contents of the last pair of brackets indicate that one sums over all the terms
in the curly braces again after replacing p with —p and the quantity & is given by
o0 n
B (_1)n+1 1
k=) —25 3) (3.10)
n=1
As mentioned in Sec. 3.1, this result can be compared with a calculation by Grabert

in the N, — oo limit [72]. Grabert calculates an average value for # in the ground

state that is given by the formula

1 0(p*f5)

() = i o (3.11)
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for p between 0 and 1. It has been confirmed numerically that one-fourth the derivative

of p? f;EZ(IIBV)h)? with respect to p agrees with the (Ng,g)? term in Grabert’s perturbative

expansion of (7).

A further source of comparison with f,gz(?v)hy comes from Golubev and Zaikin’s
weak-coupling calculation of the “effective capacitance” in the Ny, — oo limit [67].
Taking their effective capacitance Ceg to be related to an effective charging energy Ueg

by €2/2C.g = Ueg, one finds that

UV =1 - & LEf) (3.12)

2 apz p=0

In Chapter 2, it was confirmed that the three weak-coupling calculations—ours, Grabert’s,
and Golubev and Zaikin’s—give the same value for the effective charging energy through
first order in Nehg. The (Nehg)? terms, however, do not agree. Our second-order result,
as determined from Eq. 3.9, equals that derived from Grabert’s calculation but is ap-
proximately seventeen times larger than that found by Golubev and Zaikin. The present
computation therefore provides an important check on the large- Ng, calculations in the

limit of weak coupling, resolving an apparent contradiction in the literature.

There are no comparable calculations for the terms that are linear in Ng, as these
are negligible in the large- Ny, limit. However, knowing that f = 1 when ¢ = 1 and
that f() ~ 0.14Ngg, one might conjecture that the sign of the g2 term changes from
positive to negative when N, is of order 10. With respect to the expansion of f, such
a crossover would imply that the coefficient of Nu,g? is positive and approximately 10

times the size of the negative coefficient of (N, )2g2.

To check this conjecture, we need to know the value of the fourth-order, linear-in- Ng,
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contribution to the fractional peak splitting. Our results for this quantity are

Neng?
471'4/)2 {271"2772(1 - p) 111(1 - P)

+ 5= )1 p)

—2(2+4+1n2)(1 - p)In?(1 - p)

2B
v

+4 <2+ln2—ln2ln3—lc+ _7?)
X (1= p)In(1 - p)
7‘.2
-2 (? - 2Kk — 211121113)
X [(3=p)In(3 - p) — 31n 3]
~ 2[3 - p) (3~ p) ~ 3(3 ~ p)n*(3 ~ p)
+6(3-p)In(3—p)—31n33+9In>3 — 181n3)
—21n2[(3 - p)In*(3 - p) — 2(3 — p)In(3 - p)

—3In%23+6In3]

11
-2 Aip)

i=1

+lp— -]}, (3.13)

where & is given by Eq. 3.10, n = (1/7)In[F/(1 — F)], and the A;(p) are defined below:

AI(P) — _/O’pdz(p—ﬁilii(:?‘—z)

ta(p) = 2 [(aa =D =)0 1)

1-z

(p—2)In(3 —12)
l-z

0
p
As(p) = - 1n2/0 dz
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As(p) = 2(1—/’)/0,"1““(?:2)1“(;:5)
X(S—l-m_lix)
i = 2 [l om(22) (- 1)

p —-z)In*(1 -z
As(p) =/ (p — 2)In*(1 — =)

3—z
4r(p) = /d (p—2) ln(3:Z)ln(1—x)
As(p) = -2In2 /0 iz 2 ’”&‘S‘”’)

As(p) = -2(3—p)/0pd”” ln(ﬁiﬁ) hl(g:Z)
X (3ia: B liw)
A1o(p) = “2/Opd”’ (”‘x)ln(g:z)

o 1 1
3—z 11—z

Au(p) = - /Opdx 1n2(1 - 2)In(1 + o) (3.14)

The characterization of the fourth-order energy shift is now essentially complete.
The result is more unwieldy than we would like. However, there are a few highlights
that are easy to draw out. As expected, the fourth-order shift is neither ultraviolet-
nor infrared-divergent but is singular as |p| — 1, the leading singularities being in
agreement with an earlier calculation by Glazman and Matveev [73]. In addition and
quite gratifyingly, the solution is independent of the filling fraction F. As discussed
earlier, the dependence of f(ZB) on the filling fraction, which is concentrated in the 5?2
term of the first line of Eq. 3.13, exactly cancels that of Eq. 3.8. Hence, there is some
reason to believe that, when expressed in terms of the channel conductance g, the result
is universal in the sense that it is independent of the details of the band structure for

energies much greater than U,, where U, is much less than the bandwidth W.

It is difficult to get a better handle on this algebraic smorgasbord by mere inspection.
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One can add some precision to the picture of what has been accomplished by first
assembling the g2 terms of f, and then plugging in p = 1 to obtain the contribution to

the symmetric-dot fractional peak splitting f. Upon recalling that

0= 04 105) 4 10

Py

one can evaluate the A; integrals numerically for p = 1 to obtain
@ x [0.1491)Nayg? — [0.009798)( Na)2g?
+0[(New)*d* /4] (3.15)

We see that the conjecture about the (Nag,)? and Ny, contributions to f(2) is correct:
the terms have opposite sign, and the ratio of their magnitudes is on the order of 10.
For the case of Ny, = 2, the g2 term provides the desired upward correction to the
f-versus-g curve.

Before speci@lizing to the result for Ny, = 2, we should explore the consequences of
having a term proportional to Ng,g2. This term makes the result sensitive to the “fine
structure” of the interdot conductance. As remarked in the introduction, terms of the
form (Nehg)™ can be rewritten as a simple power of the total conductance between the
dots: (Nchg)™ = (gtor)™. Should the conductances in the various tunneling channels be
allowed to differ, the form of these terms when written in terms of gy, would remain
unchanged. The only alteration would be in the equation for gy itself, which would

revert to the more fundamental form

Gtot = Zga, (3.16)

where g, denotes the dimensionless conductance of the oth channel.
For terms proportional to (Ng,)™g™ with m # n, the situation is quite different.
Consider the Ng,g? term in Eq. 3.15. If we had suspended the sum over channels until

the end of our calculation, we would have seen that these terms are proportional to

[0%)ot = ) _ g2 (3.17)
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Only when symmetry considerations constrain all the individual channel conductances
to be equal can we safely use [¢%sot = (Gt0t)?/Nen.

Consequently, for the general situation in which the conductances in the separate
channels are not necessarily equal, the appropriate equation for the fractional peak

splitting is the following:
f % 0.1405(g101) + 0.1491[g%]s0s — 0.009798(geot) + . . . (3.18)

If we extended the expression to nth order in the dimensionless conductances, it

would contain factors such as
[67ot = Y _ g7,
o

where m < n and these factors appear both alone and in combination up to nth order
in dimensionless conductance. The details of the “fine structure” are fully characterized
by the set of [g™}ot for 1 < m < Nep, and the fractional peak splitting can be expressed
in terms of these. Further modifications might be thought necessary to account for the
“hyperfine structure” that results from allowing the tunneling amplitude ¢ in Eq. 3.1
to be a nontrivial function of k; and k,. However, as long as the tunneling amplitude

varies little over an energy range of order U,, one would not expect Eq. 3.18 to be

changed substantially.

3.3 The Strong-Coupling Limit for Ny, = 2

The g* correction to the two-channel solution boosts confidence in the small-g end of
our f-versus-g interpolation (see Fig. 3.2) but does little to improve the precision of
theoretical predictions in the strong-coupling limit, a fact of particular concern for the
experimentally relevant case of two interdot tunneling channels [19, 43, 44, 48]. The
sections of the chapter that follow improve the strong-coupling theory for Ng, = 2 in two
substantial ways. The first contribution, presented here in Sec. 3.3, is the calculation

of the second term in the (1 — g) expansion about the g = 1 ground state. This term,
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which is linear in (1 — g), is of interest both because it is significant in determining the
shape of the f-versus-g curve and because, in the calculation that yields the primary
(1—g¢)In(1 - g) term [34], the (1 — g) term is naively ultraviolet-divergent. The second
important contribution, which comes in Sec. 3.4, is the provision of powerful evidence
that the coefficients of the leading terms in the (1 — g) expansion are indeed independent
of the high-energy structure of the theory.

To calculate in the limit of ¢ — 1, we model the tunneling link between the dots
as a one-dimensional channel with a delta function scattering potentia,l at its center.
This model was originally developed for the problem of a single dot connected to a bulk
lead [33, 34] but was shown in Chapter 2 and in a paper by Matveev, Glazman, and
Baranger [53] to be easily adaptable to that of a pair of coupled dots. Within this ansatz,
the value of the double-dot charging energy is a simple reflection of the total number of
electrons that have been transferred through this channel from one side of the barrier
(dot 1) to the other (dot 2). In addition, as the system is effectively one-dimensional,
the fermionic degrees of freedom can be bosonized, and the Euclidean action assumes a

characteristic Luttinger-liquid form [33, 34, 62]:

S = So+ St + 5,
S0= FL T kenllolen)l,
1] 1 p 2
Sint = U2/0 dr (ﬁ [20:06(7-)} - 5) ’
¥ B
S = %rw—g /0 dr cos|24/76, ()] (3.19)

In these formulas, 6,(7) is a bosonic field that tracks the displacement of the one-

dimensional electron gas at the barrier (z = 0), and 8,(w,,) is its Fourier transform:
1 o
0,(1) = 3 > e 0, (wm) , (3.20)

where 7T is an imaginary time divided by £, 8 is the inverse temperature (8 = 1/kgT),

and wy, is i times a bosonic Matsubara frequency (w,, = 2rm/8). In addition, V is a
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measure of the barrier strength defined by V =V, /hvF for the delta-function potential
Voé(z). As for the remaining parameters, vp is the Fermi velocity and, as in the weak-
coupling theory, W is the bandwidth—the difference between the lowest and highest
single-particle energies in the channel. The inverse temperature § will be taken to

infinity in calculating the energy of the ground state.

As in the weak-coupling theory, we ultimately want to parametrize the coupling
between the dots by the dimensionless channel conductance g, rather than the barrier
strength V. Accordingly, we need to find the relation between g and V. In our single-
mode channel, g equals the single-particle transmission probability T, and (1 - g) equals
the reflection probability R. The leading dependence of the channel conductance on V

equals what one would guess from the reflection probability of a single particle incident

upon a one-dimensional delta-function potential [83]:
(1-g)=Vi4+ 0. (3.21)
Inverting this formula, we find that
VZ=(1-9)+0[(1-g)%. (3.22)

To lowest order, we have the approximation of Matveev [34], V = yT= , which—it

will be seen—is all that is required for the calculations in this chapter.

Having prepared ourselves to switch from a solution in terms of ¥V to one in terms
of g, we proceed with the calculation of the ground-state energy. Our first move is
to reorganize the action, expressing it in terms of bosonic fields that characterize the
net charge and pseudospin degrees of freedom, where the pseudospin degrees of freedom
correspond to “true spin” only if the two channels correspond to spin-up and spin-down,

respectively. Defining the charge field by 6, = 6; + 6, + V/7Tp/2 and the pseudospin field
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by 65 = 6, — 6, we find

s = $P4+59+5,,

6 _ 1 j
S0 = %;lmeHS(wm)Pa
c 1 203\ ;7
S = g5 (lonl + 22 liem ),
~ ﬂ :
Sy = Y;VK/ dr cos[ﬁOc(T)+ 7—;3] cos[v/785(7)] . (3.23)
0

The Euclidean action has now been written in terms of “high-energy” charge modes
and “low-energy” pseudospin modes. We advance by integrating out the “high-energy”
charge degrees of freedom. This integration is analogous to a renormalization in which
one integrates out the higher-energy degrees of freedom within a particular channel [84].

One begins with the generating functional for the Euclidean action of Eq. 3.23:

Z-= / DI6s()] / D[fe(r)] =SBl (3.24)

where, as usual, time-ordering is implicit within the functional integral approach. One
then performs the integration over the fast modes to obtain the generating functional

for an effective action depending only on the slow modes:

Zs

[y,

(e ()
Sl _ €% [D[e(r)] e~ e
JDlbe(r)] e

(3.25)

Equation 3.25 determines the effective action Seg. To solve for it, one Taylor-expands

the exponential factor e~

, performs the integral over charge degrees of freedom, and
re-exponentiates the result. Before doing any of this, it is useful to make the following
definition:

o _ D) Ae”

e = Dt e

(‘3.26)
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One can then rewrite Eq. 3.25 as follows:

e = e~ ‘(’S)(e_sl’)

= % 1 (S P+ 07 (327)

Upon re-exponentiation, one obtains
s 1 ~
Set = S8+ (Suhe = 5 (IS~ {Seh]")_+O(7). (3:28)

It is clear that to solve for the effective action to order V2 = (1 - g), we must solve for
both corrections to S’és) on the right side of Eq. 3.28.
Details of the calculation of these terms are presented in Appendix B. The result is

that Seg = S(gs) + Sl()l) + St(>2)> where

St(>1) - V_We—‘Kc(o)cos /dr cos[v/7l5(7)] ,

Sl(,2) — (VW) —rKc(O)/ dTl/ dTg

x {cos? (7;_/)) [1 - e"'l‘c(fl—fz)]
— sinh[r K (1 — 72)]}

X cos[y/78(71)] cos [VT0s(72)] . (3.29)

The function K(7) that appears in these formulas is the charge-channel correlation

function, K¢(7) = (6c(7)8:(0))c. Its numerical value can be found from the formula,

Ko(r) = %Re / ™ o ) (3.30)

o WorEE
To progress further, we define a new “unperturbed action” SNew = S((,s) + Sl()l). We

then write down the Hamiltonian that corresponds to this action:

HNew = H(gs)-l-]{(l),
Hél) = ?e“g«‘(o)cos( )cos[\/_ﬁ (0)] . (3.31)
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This is the Hamiltonian diagonalized by Matveev [34] through a process of “debosoniza-
tion” (see Appendix B) in which the Hamiltonian is rewritten in terms of fermion op-

erators d; and d:
A
Y = / dk &xd}dy
—-A
A
7Y = / dk [d;(d+d*)+(d+df)dk]. (3.32)
—-A

Here the single-particle energy &x, the fermion interaction parameter A, and the wave-
vector cutoff A have the formulas & = Avpk, A = V cos(mp/2)\/2e"hvpUs /73, and
A = W/2hvE.

Since the Hamiltonian is now quadratic in fermion operators, a Bogoliubov trans-

formation brings it to the desired diagonal form:
© , 51 5
Hyew = EQ. + / dk & (C,ﬁck +Cle) (3.33)
0

where, if we write down only the terms of lowest order in V, replacing all others by an
ellipsis,

1
Cr = —=(dp+d',),
k \/:‘Z_(k-}_ —k)

Cr = dat)+... (3.34)

1
—(dy —
V2 (d
The correction to the ¥ = 0 ground-state energy is produced by the omitted terms

(1)

str

in Cy (for details, see Appendix B). In particular, using A;,’ to represent the difference

between the ground-state energies of Hyew for V = 0 and for arbitrary V, respectively,

one finds that
Q) = v eo(L)
X (ln [f/z cos? <7l'2_p)] —In [%]
14 [%D . (3.35)

As before, ¥ = W/U,, where the bandwidth W > Us,.
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We see that the result for this first correction contains terms that are quadratic in V
and logarithmically divergent in 4. This ultraviolet divergence is circumvented by the
statement that one should replace W by U, because keeping only the first term from
charge-channel integration is only a good approximation for energies less than the charg-
ing energy U3 [34]. The terms in Eq. 3.35 that are merely quadratic in V are thereby ren-
dered finite and can be dropped in favor of the leading V2 cos?(mp/2) In[V2 cos(mp/2)]
dependence.

To eliminate the logarithmic divergence more formally, one must calculate the shift
in the ground-state energy that is induced by S}gz) (recall Eq. 3.29). As this term is itself
quadratic in V and as we are only interested in knowing the ground-state energy to order
V2, we can drop all but the leading part of the Sl()z)-induced shift. In expressing .S',(f)
in terms of the diagonalizing operators of Hyey, one may use the truncated formulas of
Eq. 3.34. The relevant shift in the ground-state energy is then found by calculating the

expectation value of .5'1()2) in the ground state of Hnew (see Appendix B):
(2) _ 4359 o(Tp
Asl:r(p) - 3 V* cos ( 2 )

00 - (2 _ =T
x / dz [1 - e~k #)] 1- (3.36)
0

T

where units have been chosen such that £ = 1 and terms independent of p have been
dropped since they are not relevant to evaluation of the fractional peak splitting f.
It is not too hard to see that the factor [1 — e~™Kc(22/W)} ip the integrand makes for
an ultraviolet cutoff of order ¢y = W/U, (see Appendix B). It is even easier to see
that (1 — e™®) provides an infrared cutoff of order 1. Thus, one can surmise that the
leading term from the integral is In(%/2), which is precisely what is needed to cancel
the ultraviolet divergence in Agz

What remains is to calculate the rest of the integral in Eq. 3.36, which we call ®:

® = Ilm </°0 dx [l—e"'K‘(zwz)} 1-e™
0

P—r00 z

“In [-‘é-’D . (3.37)
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Numerical approximation of the integral in the limit 9 — oo gives @ = 0.1703 & 0.0002.
One can now sum A and A? to get the strong-coupling energy shift through

str str

order V2. Having dropped terms that are independent of p, one has

) = i (2) [0 (Z)

8e”
-14+®+In — +... (3.38)

We can now straightforwardly compute the fractional peak-splitting f in terms of
the dimensionless conductance g. As mentioned before, if we are only interested in
obtaining the ground-state energy to order (1 — g), only the leading term of Eq. 3.22
is relevant in converting Eq. 3.38 to an expression in terms of (1 — g). The value of

f = fo=1 follows from the fact that, in the strong-coupling limit,

Asl:r(p) - Astr(o) .

=1- .

fP U2p2/4 (3 39)

In particular, Eqgs. 3.22, 3.38, and 3.39 yield
16e”
f= 1+—(1-ghl-g)

16€” 8¢

Since ® = 0.1703, we have
f~140919(1-g)In(1-g)—0.425(1-g)+... (3.41)

Having determined the first corrections to the leading behaviors for both ¢ — 0
and ¢ — 1, we now have a more plausible picture for the connection between the
Na, = 2 weak- and strong-coupling limits (see Fig. 3.2). The fit to the data could be
improved if the interdot capacitance were larger than experimentally estimated [19, 44,
51] or if asymmetry between the dots were important [53, 54]. In any case, whether
or not such further emendations should be made, the theory is within the range of

present experimental error. The corrections introduced in this chapter have moved the
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weak- and strong-coupling predictions by reasonable amounts in the desired directions,
increasing both the ease and the precision of interpolation between the weak- and strong-

coupling limits.

3.4 Insensitivity to the High-Energy Density of States

3.4.1 Insensitivity to the Functional Form of the Bosonic Cutoff

To have confidence that our coupled-dot calculations can be usefully compared to em-
pirical data, we should make sure that the result, f expressed as a function of g, is
independent of the details of the band structure far from the Fermi surface, where the
assumption of a constant density of states becomes invalid. We have done much to
confirm such robustness in the regime of weak coupling, for we have shown there that,
through second order in g, f(g) is independent of the bandwidth W and the filling
fraction F as long as both FW and (1— F)W are much larger than the charging energy
Uz. Such dual invariance indicates that we can simply shear off a nontrivial number of
high-energy states without affecting the result. We would expect then that we could
make less Draconian modifications of the high-energy density of states with similarly

perfect impunity.

With regard to the strong-coupling theory, matters have been left less assured. In
Chapter 2, we introduced a factor of Cs multiplying the first term in Eq. 3.40 to guard
against the possibility that the coefficient of the energy shift calculated via bosonization
was partly a product of the approach itself and, in particular, the manner in which the
ultraviolet cutoff was imposed. Concern about such a possibility arises from the fact that
the leading term in the (1 - g) expansion is proportional to the product of e~ 7K<(0) and
A, where A is the generalization to non-exponential cutoffs of the normalization factor

in Eq. B.10 that gives the proportionality between the fermionic position operators and
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Figure 3.2: Graph of the fractional Coulomb-blockade peak splitting f as a function of
the dimensionless conductance per channel g in the weak- and strong-tunneling limits
for N&, = 2. The new theoretical curves are depicted as solid lines. The old theoretical
curves from Chapter 2 are dot-dashed lines. The dashed curve shows a possible inter-
polating function. Data points from Waugh et al. [19, 43, 44] are given as triangles or
stars; the two different symbols correspond to different data sets. The value of f for the
experimental data has been extracted from the measured splitting fraction f’ by using
the method discussed in Chapter 2 with experimentally estimated values of 20 aF for the
constant interdot capacitance and 0.4 {F for the total single-dot capacitance [19, 43, 44].
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the exponentials of bosonic fields:
$10,7) = AVTHs(), (3.42)

Changing the nature of the bosonic cutoff [e.g., from the exponential e=l%| to the
Gaussian e~("/ 4)"‘2“’2] causes the value of e~ 2%<(0) o he multiplied by a constant fac-
tor. Although one would hope that a similar shift in the value of A compensates for
the change in e~ 5K(0) , to the authors knowledge, such a happy circumstance has not
previously been checked to be true.

Similar questions could be asked about the prefactor for the term linear in (1-g9),
with which we associate a factor Cs, where C3 = 1 for the Luttinger-liquid approach
with the standard exponential cutoff. This term is proportional both to |A|2e~K(0)
and to an integral that depends upon e~"Kc(7) (see Eq. 3.36 in Sec. 3.3 and Eq. B.26
in Appendix B). Hence, in order to prove that the two leading strong-coupling terms
do not vary with the choice of cutoff function, one must show that neither the product

Dy = |A|2e=™%<(®) nor the integral

_ 1 PR pW

X [1 - e-”Kc(%/W)] l::: (3.43)

assumes different values when the shape of the cutoff is changed. Though we do not
have a general proof that D; and D, are independent of the cutoff function, we can show
that they remain the same for a whole class of functions that includes the exponential
cutoff and that they are similarly unchanged when one replaces the exponential cutoff
by a Gaussian. We believe that these facts are convincing evidence that the prefactors
in Eq. 3.40 are insensitive to the nature of the high-energy cutoff.

First, we prove that D, and D, are the same for all cutoffs of the form

M
v(w,a, {bn}) = el (1 + ) bmam|w|m> , (3.44)

m=1
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where either M is finite or, for large m, by, falls to zero faster than m=¢ /m! for some
real { > 0. As usual, it is assumed that al; < 1, where o = 2/W. We add the further
assumption that [(m — 1)!b,,aU,] < 1 for all m.

The first step in our proof is to solve for the change in e~"%<(®) when one goes from
the standard exponential cutoff v(w, a, {0}) to the more general form v(w, @, {b,,}). The

formula for K.(7) (recall Eq. 3.30) becomes

—2’1'(4)

Ke(r)= TRe / do Vs, 0m) (3.45)
We can write the change in K(0) as
§K.(0) = L b / du “w o (3.46)
m—l T

Using w = (w+2Uz /7 —2U,/7) and the binomial theorem, we can expand w™ in powers

of (w+ 2U;/7). The integration is then straightforward and yields

M
T6Ko(0) = Y b(m — 1)![1+ O(aly)]. (3.47)

m=1

Dropping the correction, we have the result

e—?rk’c (0) — [e"“ Ebm(m—l)!] e_rR'C;O(O) y (3.48)

where K. o(7) is the correlation function for the standard exponential cutoff.
Calculation of the change in the normalization constant A is more complicated.

Following V. J. Emery [55], we find

w.v:::/hu];-_l

|AI_2 / d efo dw v{w,o,{bm}) E——— + c.c. (349)

A bit of calculation reveals that

A2 = oS ["gp ()
—o a— 1T

D bm(m=DN(22)" 4 o (3.50)
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It is apparent that the bracketed factor exactly cancels the factor that multiplies
e~™K0(0) in Eq. 3.48. Thus, in order for Dy = | A2e="K<(0) to be unaltered, the value
of the integral in Eq. 3.50 cannot change as the b, are varied. In short, the partial
derivative of the integral with respect to each of these coefficients must be zero. The

partial derivative with respect to b,, is given by the following formula:

00 m+1
P, = (m—l)!/ dw( a.)
—oo o -z

x eXbm(m=DN=E)" 4 (3.51)

Let z = a/(a —iz). The resulting integral in the complex 2 plane follows a closed path,

beginning and ending at z = 0:
P, = —ia(m - 1)! ]{dz Zml X bm(m=1)te™ o (3.52)

For M finite or b, falling off faster than m=¢/m!, the integrand is analytic throughout
the region enclosed by the contour. By Cauchy’s Theorem, P,, = 0.

Since the integral of Eq. 3.50 does not vary with b, we can make the statement
AP = [eZres bm(m=Dt] | 4o 2, (3.53)

where Ag is the normalization factor for the standard exponential cutoff. Equations 3.48

and 3.53 yield
Dy = |A?e ™) = | 452~ K< 0), (3.54)

We have now shown that, for the class of cutoffs ¥(w, @, {bn}), C; is constant.

What about C3? To determine its fate, we must find the change in the quantity D,
(recall Eq. 3.43). After substituting o for (2/W), we follow essentially the same path
that we blazed in determining the change in K.(0) and find that the change in K (az)
is given by the formula

1 M
0K (az) = v Z b (m — 1)

m=1

! [(‘1—47127)% + c.c.] . (3.55)
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Employing this, we can break the integral on the right side of Eq. 3.43 into two parts,
the first of which is from 0 to 1!~¢, where 0 < € < 1 and ¥ = (W/U;) > 1. In this

~mKc(22) can be shown

interval, the contribution from the entire term proportional to e
to be zero in the limit 9 — oc. In the remainder, 6K.(az) is on the order of 1/z2, which

implies that the correction due to the generalization of v(w, a, {b,,}) is proportional to

/ﬁW/2 e—ch,o(2:z:/W) /ﬁW/Z dz
——— <

dz —
1—e z3 Pl—e (173 ’

which also equals zero in the limit ¢ — oo. Therefore, D, is constant, and we have
proven that our strong-coupling results are insensitive to varying the cutoffs within the
class v(w, a, {bn})-

The values of D; and D, can be shown to be similarly unaltered when we switch

from the exponential cutoff to a Gaussian:

ve(w,a) = e~ ¥, (3.56)

Solving for e=™X<(0) with this weight function, one discovers that
v/
e~mKe,c(0) — EJ_;QUZ, (3.57)

where 7 is once again the Euler-Mascheroni constant. The normalization coefficient Ag

has not been solved for analytically. However, starting from Eq. 3.49, one finds that

Ag|™2 = 7ra/ dmcos[gErf(:vﬂ)]
0

o L [ray eIt Exf(iy/2), (3.58)

where Erf(z) = (2/4/7) [Jdte™* is the error function. It has been confirmed numeri-
cally that through at least 12 digits the product Dy g = |Ag|%e~"5.6(0) agrees with the
exponential cutoff. By arguments similar to those used for the class of cutoff functions
studied above, it has also been shown that in the limit ¢ — oo, the integral D, g is
the same as for the exponential. The coefficients in Eq. 3.40 are again unaltered, and

it seems reasonable to suppose that the invariance is general.
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3.4.2 Insensitivity to the Fermionic Filling Fraction

Thus, it appears fairly certain that modifying the high-energy density of states in the
bosonized theory does not affect the results of Sec. 3.3. Nevertheless, having solved the
weak-coupling model for the general case of a fermionic system not necessarily at half
filling and having seen that, when expressed as functions of the tunneling amplitude,
both the conductance and the fractional peak splitting depend upon the filling fraction,
~one might wonder what happens to the strong-coupling results when one begins with a
fermionic system that is not necessarily at half filling. Since Luttinger-style bosonization
assumes symmetry between occupied and empty states, such a system can only be
properly bosonized after the asymmetric fermion states have been integrated out. For
example, if the system is below half filling [F < (1 — F)] and the zero of energy is at
the Fermi surface (¢ = 0), the fermionic single-particle states with energies between
FW and (1 — F)W must be integrated out, leaving a symmetric effective theory with
single-particle energies ranging from —FW to FW. Only after this symmetrization can
the theory be bosonized without losing knowledge of the fermionic filling fraction F.
The task before us, therefore, is to “symmetrize” the fermionic theory that lies
behind the bosonized action of Eq. 3.19. The archetypal fermionic Hamiltonian consists
of the usual three parts: the single-particle kinetic energies, the multiparticle potential
energy, and the backscattering barrier. The Hamiltonian therefore takes the following

form:
H = HK+HC+HB7

2
Z Z Z fkc;kocjka >

He =
=1 o &k
He = Uz(’fl - P/2)2 3
Hp = Z Z v(c;kzaclklﬂ + HC) ’ (359)
o kikg .

where £ = hvpk and j is the index that distinguishes between right-movers (j = 1)

and left-movers (j = 2).
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The operator 7 is now somewhat more complicated than in the weak-coupling theory.

In its simplest form, it can be written as
#= 53 [dsl00) - - (e, (3.60)

where O(z) is the Heaviside step function and ; is the annihilation operator in position
space for a right-moving (j = 1) or a left-moving (j = 2) fermion. After writing the
components of the integrand in the momentum representation and integrating over z,
one finds that, for a one-dimensional system of length L,
Sy St ) o)
i 0 kikp 27 01
which is equivalent to the integral version obtained by Matveev [34] from the observation
that d7/dt equals the current operator at z = 0, the point of “division” between the
two dots. (This point is, of course, not entirely well-defined in the limit g — 1.)
The above equations for the Hamiltonian and number operator are presented as
discrete sums. For future reference in implementing the symmetrization of the theory,

we write the components of our Hamiltonian in integral form:

h
.HK = ( ’UF) /dk £k c]ka'cjka ’

He = Usy(f- 9/2)2

g - v(hvp) / dks / iy (cly, ,C1iero + Hoc.) (3.62)

where § is the level-spacing for the one-dimensional system (6 = 27fvg/L) and

Cikro
- %ZZP [ [ar ’I:;"_ o (3.63)

For the fermionic strong-coupling model of Eq. 3.59, calculation of the channel con-
ductance between the dots proceeds along the same lines as for weak coupling (see

Chapter 2). In fact, since the density of states is constant in both theories, setting
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Uz = 0—the first step in the conductance calculation—renders them essentially identi-
cal, the only differences being in the last term, where ¢ has been replaced by v and the
index ¢ for dot-1 or dot-2 fermions has been replaced by the index J for right-movers
or left-movers. Accordingly, unlike the weak-tunneling term Hr, the perturbation Hg
scatters fermions backward instead of transporting them forward and therefore causes
a reduction in the conductance of the unperturbed system. Recalling the size of the
conductance induced by Hr in the weak-coupling model, it is not hard to see that the

channel conductance in the strong-coupling model is given by

1+ (1 +an)%x|?

where x = (1v/6)? and 5 = (1/7)In[F/(1 — F)]. As in the weak-coupling theory, the

g=1 (3.64)

result becomes troublesome as x becomes large. However, we should be able to trust
its testimony that the filling fraction does not affect the interdot conductance through
second-order in (7v/é).

This is all we need to know, for (7v/6) can be straightforwardly written in terms of
our previous strong-coupling parameter V. The relation is V = 2(7v/6), and it follows
that x = (V/2)2. We recover the leading-order result of Eq. 3.22 and see that, to order
172, the channel conductance g is independent of the fermionic filling fraction F. If we

can likewise show that the relation betwéen V and the differential energy shift

6A(p) = [Astr(P) — Agr(0)] (3.65)

does not depend on-the filling fraction F, we will know that the same is true for our
final strong-coupling result, the expression for f(g) in Eq. 3.40.

To prove 6A’s invariance with respect to F, we symmetrize the fermionic theory
through a renormalization in which we integrate out all single-particle states at an
energy distance of W’/2 or more from the Fermi surface, where U, <« W' < W.
The resulting symmetric theory with bandwidth W’ can be bosonized without further

qualm. However, as renormalization generates terms that are not present in the original
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Hamiltonian, we must check to see what relevant effects these have upon the low-energy
theory. We must also keep track of any contributions to A that arise from the high-
energy degrees of freedom alone.

Before we go about doing this, a comment on our approach is in order. One might
view the proposed renormalization as occurring in two distinct stages: first, we integrate
out the asymmetric particle-hole states; then, we integrate both particle and hole states
down to energy W’. Since all that we will need to consider are the general scaling
properties of the terms generated during the renormalization process, the distinction
between the stages is of no importance and is henceforth ignored.

The argument resumes. Since our interest is in the Coulomb blockade, the renor-
malization scheme we use is designed to leave the Coulombic interaction term H¢ un-
changed. After wave-vectors between the original wave-vector cutoff A and the new
wave-vector cutoff A/b (where b > 1) have been integrated out, the theory is re-scaled
by writing it in terms of a new set of wave-vectors k; = bk. Invariance of H¢ is achieved
by re-scaling the fermion creation and annihilation operators as well: c}kb .= b1/ 2c;ka.
[One might prefer to say that the coherent-state Grassman variables that correspond
to the operators are re-scaled (see Ref. [97]).] The effect of renormalization ufon the

parameters (hvg/6), Uz, and v(hvr/é) of Eq. 3.62 is as follows:

hopl" _ e [her
6 - 6|’
[U2]’ U27

[v(hor/6)]

b= [v(fvp/6)] . (3.66)

The backscattering Hp is revealed to be dangerously irrelevant. Though it scales like
an irrelevant term, we cannot safely set it to zero as we know from Eq. 3.35 that the
energy shift is singular as v — 0.

In addition to rescaling the terms in the original Hamiltonian, renormalization gen-

erates terms of its own. It is not hard to see that all but the new backscattering terms
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are irrelevant. The original Hamiltonian consists of the kinetic energy Hp, a two-body
interaction H¢g, a one-body interaction H, c1, and a backscattering term Hg. Hg, and
He, are normal-ordered operators given by the following formulas:

~-U,
Hor = Gy 1 P/dk1

J1:J2 01,02

1 . .
€rkaos Chikpor Cirk1o1 Ciakson

(ks — k3)(k2— k1)

— chr?kl”
Hey = pU2n+(2 )2ZZP/dk1/dk T

X (ln ) , (3.67)

where A = W/hvp. Hgo, Hoy, and Hg can be represented by Feynman graphs [see

X

A-Fk
A+ k

A=k
A+k,

—In

Fig. 3.3(a)], which can then be connected to construct the terms that renormalization
adds to the Hamiltonian. As usual, the internal lines of the second-generation graphs

carry only high-energy momenta which lie within the shell of wave-vectors that are

integrated out.

Given such rules for constructing the second-generation terms, one can deduce that,
whenever one creates a new term by connecting lines emanating from the Hpg and Hey
graphs [see Fig. 3.3(b) for examples], one picks up a scaling factor of 5~!. For example,
diagram 2 of Fig. 3.3(b) represents a two-body interaction produced by contracting one
Hc, with one Hey. This new interaction term is similar to Hcg except that the denom-
inator contains only one power of (ks —k3) or (kg — k1) and, consequently, is less singular
than Heg, which is fixed under rescaling. Thus, the second-generation term must shrink
under renormalization. Indeed, all such graphs formed from contracting the Coulombic
interaction terms are similarly irrelevant and scale to zero under renormalization. They
can be ignored in the effective theory. We should expect this result. Otherwise, our
Coulomb-blockade model would probably never have been useful at all.

As for graphs that involve the backscattering term Hp [see Fig. 3.3(c)], we need

only consider these to order v2, for we go no further in calculating f(g). Depending
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Figure 3.3: Feynman diagrams for integrating out single-particle energies a distance
greater than W' from the Fermi surface in the fermionic version of the strong-coupling
theory. (a) The three building-block Feynman graphs. Diagram 1 corresponds to the
two-body Coulomb interaction H¢y. Diagram 2 corresponds to the one-body Coulomb
term H¢y. Diagram 3 represents the backscattering Hg. (b) Second-generation m-body
graphs constructed by contracting Hce’s and Hep’s. These terms are all irrelevant to
the low-energy theory, scaling to zero under renormalization. (c) Second-generation
graphs formed from combinations of Hp, H¢s, and Hcp. Terms such as diagram 1 that
contain an even number of Hpg’s are irrelevant under renormalization. Diagrams 2 and
3 involve odd numbers of Hp’s and are therefore dangerously irrelevant. Nevertheless,
they are negligible in size compared to corresponding low-energy graphs and therefore
can be safely discarded. (d) An example of a closed diagram used to calculate the
contribution to the energy shift from the degrees of freedom that correspond to single-
particle energies more than W' from the Fermi surface.
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upon how many Coulombic interaction terms are introduced, the second-generation
graphs that contain Hp all scale down by at least a factor of 5~1. Consequently, all but
those which contribute to low-energy backscattering are irrelevant. Thus, we can drop
graphs such as diagram 1 of Fig. 3.3(c) that contain an even number of H B’s. Graphs
containing an odd number of Hp’s are dangerously irrelevant but can ultimately be
ignored because they are negligible compared to the corresponding graphs that can be
constructed from the low-energy portions of the original H, c2, Hei, and Hp. Diagrams
2 and 3 of Fig. 3.3(c), for example, are of order v(Uy/W'). If we had renormalized down
to W”, where Uy < W"” <« W', we would have found the corresponding graphs to be
of order v(Uz/W"). The contribution from energies above W' is therefore seen to be
merely perturbative in relation to the contribution from energies between W” and W'.
The conclusion is that we can drop the parts of the graphs produced by integrating
over energies greater than W’. Returning to our original renormalization down to W’
we see that the graphs produced here have been shown to be negligible. The argument
that the symmetrizing renormalization does not cause any significant changes in the

low-energy Hamiltonian is complete.

Having disposed of the concern that the process of symmetrization might leave
us with important new low-energy terms, we now show that any constant terms pro-
duced are similarly insignificant. Such constant terms correspond to closed diagrams
constructed from the original Feynman graphs. Since all lines are internal, they all
represent the propagation of high-energy excitations. There are obviously an infinite
number of closed diagrams. Fortunately, we can limit our attention to a certain sub-
set. We need not concern ourselves with diagrams involving less than two H c1 graphs:
diagrams with only one Hgoq graph must sum to zero as A(p) is even in p; diagrams
with zero Hey graphs cannot contribute to the differential energy shift dA. Similarly,
in any pertinent closed graph, Hg must appear a nonzero and even number of times.

It cannot be absent as terms that do not include it shift all relevant ground-state ener-
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gies equally and are therefore unimportant. Furthermore, in any closed graph, it must
appear an even number of times because Hp is the only term that exchanges right-
and left-movers. Thus, all the diagrams we need consider consist of a nonzero and evén
number of Hp’s, at least two Hcq’s, and an arbitrary number of Heo'’s [see Fig. 3.3(d)
for a canonical example].

Each such diagram corresponds to a number of time-ordered terms in Rayleigh-
Schrédinger perturbation theory. For a Feynman diagram with 7 internal lines, the
associated Rayleigh-Schrédinger terms have r integrations over momenta and (r — 1)
propagators with denominators linear in the momenta. If the Hc, graph appears m,
times in the Feynman diagram and the Hcy graph appears m; times, there are m =
(2m2 + my) > 2 additional denominators linear in the momenta, which have their
origin in the wave-vector denominator of # (recall Egs. 3.63 and 3.67). The propagator
denominators are always on the order of W’ or greater. The 7 denominators are of the
form (k — k'), where k and k' are both in the high-energy wave-vector shell. Thus, these
denominators can go to zero. However, the contribution from the regions where they
become zero is negligible, the somewhat simplified explanation being that, when one of
them goes to zero, the rest of the integrand can be treated as essentially constant, and

we have

A" dk hopk
P [T o (57)] =00

where A’ = W’ /hvp and the constant € < 1. It follows that contributions to the overall
result only come when the ## denominators are themselves of order W’ /hvp.

As aresult, what remains is a nonsingular integration over r momenta of an integrand
that is proportional to [k; .. .E(T_1+m)]“1, where the k; are linear in the momenta over
which we integrate. Noting that the only other momentum dependence comes from the
logarithmic term of H¢y, we see that, in energy units, the result of the integration is of
order (1/W’)™~1. We now multiply the result of our integration by the various factors

of U, v, and 6 that stand aside the integral. For a closed diagram in which Hp, Hey,
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and Hc, appear j, my, and m; times, respectively, the contribution to the energy shift
is readily seen to be of order Uz(v/8)%(U/W')™1, where m = (2mj + m1) > 2. As
(U2/W') < 1 and the overall energy shift is of order U,, these terms are negligible.
Thus, at least to order 2, integrating out all particle and hole excitations at dis-
tances greater than W'/2 from the Fermi surface produces neither relevant new terms
in the low-energy Hamiltonian nor significant constant contributions to the differential
energy shift. As what remains is a fermionic theory at half filling, the result for f(g) in
Sec. 3.3 is unaffected by possible “high-energy” deviations from this condition, an im-
portant property if we wish to compare our predictions with empirical data. We would
hope that a similarly universal solution for f(g) could be found to higher orders in
(1-g). However, if the formula for the interdot conductance (recall Eq. 3.64) is correct
to some non-leading order, such overall independence of the filling fraction must—as
in the weak-coupling limit—come through cancellation of the separate filling-fraction
dependences of the conductance and the energy shift when one is expressed in terms
of the other. If this were shown to be true, we would see once again that the interdot
conductance g and not the bare matrix element for tunneling or reflection is the correct

parameter to achieve a universal description of the coupling dependence of a double-dot

Coulomb blockade.

3.5 Conclusion

The present chapter substantially improves upon the results of Chapter 2 for the
Coulomb-blockade peak splitting of two coupled quantum dots [51, 53, 54] and thereby
makes an important contribution to the growing body of theoretical and experimental
work on such coupled-dot systems [19, 43, 44, 45, 47, 48, 64, 65, 66, 87, 88, 89, 90, 91,
92, 93, 94]. By extending the weak-coupling theory to second order in g for érbitrary
N, it has shown how the positive curvature with respect to g that is characteristic of

the peak splitting for small Ng, crosses over to the negative curvature characteristic of
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large Ng, as the number of channels is increased through Ny = 10. Furthermore, it
has demonstrated that, at least for the leading two terms in the weak-coupling theory,
the channel conductance g is the “correct” parameter to use in constructing a theory
for the peak splitting that is universal in the sense that it is does not depend on the
high-energy band structure. Finally, this chapter has made the Ny, = 2 theory both
stronger and broader—broader in that the subleading term is calculated; stronger in
that the leading and subleading terms for strong-coupling are confirmed to be insensi-
tive to the manner in which the high-energy cutoff is taken. Thus, the chapter has made
more plausible efforts to connect weak- and strong-coupling behaviors and to compare

theoretical results with the data from recent two-channel experiments [19, 43, 44, 48].
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Chapter 4

Corrections for a Finite Barrier

4.1 Introduction

The opening of tunneling channels between two quantum dots leads to a transition
from a Coulomb blockade characteristic of isolated dots to one characteristic of a single
large composite dot {8, 13, 14, 15, 21]. For a pair of electrostatically identical quantum
dots characterized by charging energies U much greater than their single-particle level
spacings d;p, this transformation can be chronicled by tracking the splitting of the
Coulomb blockade conductance peaks as a function of the conductance through the
interdot tunneling channels [19, 43, 44, 45, 46]. If one assumes a single common value
for the conductance in each tunneling channel (an assumption that is exactly fulfilled
for a spin-symmetric system of only two channels, one for spin-up electrons and the
other for spin-down electrons), one can divide the peak splitting by its saturation value
and look for the relation between two dimensionless quantities [51, 52]: the fractional

peak splitting f and the dimensionless channel conductance g [99].

For g < 1, Chapters 2 and 3 have treated the coupled-dot problem via a “transfer-
Hamiltonian approach” [100], in which states localized on one dot are connected to

those localized on the other by hopping matrix elements. (Here localized signifies that
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a state is entirely restricted to one of the two dots.) The hopping matrix elements have
been treated as constant, independent of the states connected, as they would be if the
interdot barrier were a delta-function potential, having infinite height and zero width.
For such a barrier, the leading small-g behavior of the fractional peak splitting is given
by

2In2

7r2 NChg7 (4'1)

fg(i)o =

-where Ny, is the number of separate tunneling modes (spin-up and spin-down channels
are counted separately). The superscript of fg(i)o tells us that this is the leading term

in the weak-coupling limit. The subscript further épeciﬁes that this term is calculated

for a tunneling barrier of effectively zero width (€ = 0) and therefore, by implication, of

infinite height. For g > 0.2, subleading terms, which are higher-order in g, contribute

significantly to the zero-width peak splitting, and the first set of these, which consists

of terms proportional to g2, has been calculated in Chapter 3.

In this chapter, we calculate a different correction to the € = 0, first-order in g
result which arises from the fact that a realistic barrier possesses a finite height V; and
a nonzero width £. For such a realistic barrier, the hopping matrix elements that move
electrons between the dots are not independent of the states they connect, and, for small
g, they depend exponentially on the energies of the states. As a result of this exponential
dependence, in the weak-coupling (g < 1) limit, it can pay to tunnel to intermediate
states with energies above the barrier, and the leading term in the fractional peak
splitting then behaves as (U/W)/|1n g|, where U is the interdot charging energy, which
measures the capacitive energy cost of moving electrons between the dots, and W is the
characteristic energy scale over which the hopping matrix elements change from their
values at the Fermi energy Er.

We examine specifically the case of a finite-width interdot barrier that can be treated
as parabolic near its peak. We find that, for such a barrier, the energy scale W is

equal to iw/2m, where w is the harmonic oscillator frequency of the inverted parabolic
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well. This frequency is proportional to the square root of the barrier curvature, which
is proportional to V/£2. It follows that the limit £ — 0 corresponds to the limit
U/W — 0. For £ # 0, on the other hand, it is not always true that U/W < 1. In faét,
in recent experiments by Waugh et al. [19, 43, 44], Crouch et al. [45], and Livermore et
al. [46], it appears that U/W is roughly 1. Under sﬁch circumstances, we find that, for
a given small value of the channel conductance (g < 1), the fractional peak splitting f
is larger than the zero-width splitting, f¢=0, by a small but noticeable amount, and, in
the extreme limit of ¢ — 0, the ratio of the finite-width peak splitting to the previously
calculated zero-width peak splitting becomes very large. f‘or intermediate values of g,
on the other hand, the primary effect is a small increase in f accompanied by a reduction

of the slope of the f-versus-g curve.

To find the leading term in the finite-width fractional peak splitting we adopt a
stationary-state approach [100], in which the first step is to solve for the single-particle
eigenstates of non-{nteracting electrons moving in the electrostatic potential of the cou-
pled dots. The capacitive interactions between the electrons are then expressed in
terms of these non-interacting double-dot eigenstates, and the off-diagonal elements of
the interactions are treated perturbatively. The leading term in the finite-width frac-
tional peak splitting, f(), is determined by finding the value for p = 1 of a more
general quantity f(l)(p), where p is a dimensionless parameter (defined by Eq. 4.2 be-
low) which is a measure of the bias asymmetry. between the dots [51, 52]. In the limit
U/W — 0, the zero-width result, fg(—i)o’ is recovered. For finite U/W, an approximate
analytic calculation demonstrates the limiting 1/|In g| behavior, which is confirmed by
numerical results. For the particular choice U/W = 1, which corresponds to recent
experiments [19, 43, 44, 45, 46], as well as for various other choices of the ratio U/W,
the leading term in the fractional peak splitting is computed numerically as a function
of g. It is confirmed that the condition £ # 0 leads to an upward shift of the peak

splitting for weakly coupled dots (¢ < 1). As g becomes larger, the effect of allowing
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€ # 0 becomes less dramatic, and, for U/W = 1, previous predictions for the fractional
peak splitting at intermediate values of g are essentially unaltered.

The structure of this chapter is as follows. Section 4.2 develops the stationary-state
approach for calculating f(p) Section 4.3 implements this approach for a parabolic
interdot barrier, verifying the 1/|In g| behavior of the g — 0 peak splitting that arises for
€ # 0 and putting the finite-width calculation in the context of earlier work. Section 4.4
summarizes the results and comments on the possible effects of € # 0 when the dots are

strongly coupled (g ~ 1).

4.2 The Stationary-State Approach

In order to solve for f(p) via the stationary-state approach, we make the problem one-
dimensional by considering a smooth, adiabatic interdot connection [see Fig. 4.1(a)]
which, for simplicity, we presume to contain only one transverse orbital mode that lies
near or below the Fermi energy Er [34]. (The use of one orbital mode corresponds to
the spin-symmetric N, = 2 experiments of Waugh et al. [19, 43, 44], Crouch et al. [45],
and Livermore et al. [46].) For such a single orbital-mode connection, the only parts of
an electron wavefunction that can pass from dot to dot are those that overlap with the
lowest transverse mode. Hence, in investigating the effect of the interdot connection, we
can ignore all electrons but those in this lowest mode. We are left with a one-dimensional
problem in which a representative electron with single-particle energy E moves in an
effective potential V(z) = Eir(z)+Vel(z), where Ey(z) is the spatially dependent energy
of the lowest transverse mode and V() is the spatially dependent electrostatic energy.
The characteristic length scale for the spatial variation of the effective potential is the
barrier width £.

After adding hard boundaries at a distance Lq,; from the barrier, we have a “box-
like” double-dot system with a smoothly varying longitudinal potential [see Fig. 4.1(b)].

Of course, a realistic double-dot system will not look entirely like this. The assumption
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Figure 4.1: (a) Schematic diagram for a single orbital-mode connection between the
two dots. Over a distance of order £, the connection narrows to a minimum width on
the order of the Fermi wavelength Ap. (b) “Box-like,” 1D double-dot system with a
central barrier. Hard confining walls are located at a distance L4, from the barrier.
The barrier is characterized by its height Vp and half width £.
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of adiabaticity will break down as the interdot channel widens, and disorder will then
bring about a mixing of the various tranverse modes. However, so long as there is not a
strong backscattering center in the vicinity of the connecting region, the breakdown of
the adiabatic approximation will not significantly affect movement of particles between
the dots—either with regard to the probability of transmission or with respect to the
relevant phase shift upon passing through the barrier. Instead, in the large-dot limit in
which the charging energy U is much greater than the two-dimensional dot level spacing
62D, the primary effect of the failure of adiabaticity will be a mere redistribution of the
scattered particles among the various transverse modes in the wider “plains” of the
dots. The probability of a particle in the lowest transverse mode entering or exiting the
interdot connecting region is unaffected by such an external redistribution. Thus, the
details of the “boundary conditions” away from the connecting region are unimportant,
and, so long as the connecting region itself is sufficiently smooth, we can, for simplicity,
extend the adiabatic approximation to the distance Lgo;, where hard boundaries are
imposed to ensure the correct normalization within the one-dimensional channel [101].

Having arrived at our “box-like” model, we now concentrate on the Hamiltonian,
which consists of two components. The first, Hy, is a diagonal term that gives the ener-
gies of the non-interacting, single-particle eigenstates, which form a discrete spectrum
with an average level spacing proportional to Avp/Lgo; near the Fermi surface, where
vf is the Fermi velocity. The second, H¢, gives the capacitive energy cost of moving

electrons from one side of the barrier to the other [51, 52]:
Ho =U(—p/2)". (4.2)

Here, 7 coﬁnts the electrons transferred from dot 1 to dot 2 (assuming, for convenience,
an even total number of electrons initially divided equally between the two dots). The
dimensionless parameter p is a measure of the capacitively weighted bias and favors
occupation of dot 2 when p > 0. (Note that U equals the quantity U, of Chapters 2
and 3.)
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We need to solve for the dimensionless channel conductance g and the fractional peak
splitting f. For the non-interacting electrons characterized by Hp, the dimensionless
channel conductance g is simply the transmission probability for a particle incident
on the barrier at the Fermi energy Er [100]. f is not so easily determined because,
in its evaluation, H¢ is relevant. Thus, we must develop a means of dealing with #,
which is not diagonal in the basis of non-interacting single-particle eigenstates that is

the cornerstone of our approach.

Our strategy is to switch to a basis that is simply related to the eigenstate basis
but which renders 7 nearly diagonal at energies that are low compared to the barrier.
We use the fact that, for a bound system containing two equal potential minima, the
~ eigenstates come in well-defined, discrete pairs [102]. The states in these pairs have
similar energies but opposite parities, the even-parity state having a lower energy than
the odd-parity state. Thus, the non-interacting part of the Hamiltonian can be written

in the form

Ho =Y Es(j)ek;, esiv + ) Ba(i)chj, cajo » (4.3)
avj U,j
where S and A are the even and odd parity indices, j is the pair index, and o is the

spin index (which might be more generally regarded as a channel index).

At lower and lower energies relative to the barrier, the splitting within the pairs,
|E4(j) — Es(7)|, approaches zero, but the spacing between pairs, |Es(j + 1) — Ea(7)l,
remains approximately equal to §;p, where §;p = mhvp/Laot (assuming we do not stray
too far from the Fermi surface). It follows that, at low energies, one can form doublets
of quasi-localized states—states that lie mostly on one of the two sides of the central
barrier—from linear combinations of the symmetric and antisymmetric components of
each eigenstate pair [102]. If ¢g;(z) and ¢4;(z) are the symmetric and antisymmetric

eigenfunctions of the jth lowest-energy pair (with appropriately chosen overall phases),
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the recipe for the quasi-localized wavefunctions is
a(e) = = [65i(2) + (-1 g45(2)] (14)
V2
where the dot index « signifies that Q;,(z) is primarily localized on the dot 1 side of
the barrier if @ = 1 and on the dot 2 side if a = 2.

At high energies relative to the barrier, we cannot form quasi-localized wavefunctions
from combinations of just two states. Nevertheless, we continue to form the linear
* combinations analogous to those of Eq. 4.4. We refer to the full set of states Qia(z)
as semi-localized to indicate that these states are sometimes quasi-localized (i.e., when
they lie at low energies relative to the interdot barrier) and sometimes not.

The semi-localized states constitute the complete and orthogonal basis that we need
to render # nearly diagonal at low energies. Their simple relation to the double-dot
eigenstates translates into an equally simple relation between the corresponding creation

and annihilation operators. The semi-localized annihilation operators are given by

1 o
Qjne = E [CSjU + (“1) +chj0'] ’ (45)

and the corresponding expression for Hy is
Ho = Z E(j)“;aa“jaa - Zt(j)(a}%aﬂa +H.c), (4.6)
Ula’j - o‘)j
where E(j) is the average energy of the pair and t(7) is half the energy difference within

the pair:

pGy = EADTEG)
Ealj) - Bs(j)

) = =22 (41)

It is important to note that, whereas E(j) is in general on the order of the Fermi
energy, t(7) is no greater than the average level spacing é1p = 7hvp/Lao; and becomes
vanishingly small in the large-dot limit (Ldot — 00). The minuteness of t(7) will permit

us to ignore it in calculating the leading contribution to the fractional peak splitting.
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We now write 7 in terms of the semi-localized operators. If dot 1 corresponds to the

z < 0 side of the barrier and dot 2 corresponds to the z > 0 side, we have

i =3 [de(@) - o(-a) ¥ (@)io), (4.8)

where %(z) is the position operator and ©(z) is the Heaviside step function [103].
After writing (z) in terms of the semi-localized operators a;n,, we see that 2 =

fig + 87ic + 6fvr, where 7ip corresponds to the # we would have if the semi-localized states

were truly localized, é7ic is the part of 672 = (% — fig) that does not transfer electrons

from dot 1 to dot 2, and dnt is the part of 67 that does effect such a transfer:

. -1)
g = Z( )a}wajaa,

2
g,0,]
5 _ B(io. 00 3 (- )05, . t .
nc = Z (.72aa7.717a)—T.71:.72 ajgaaahaa’ .
Ufayjlyj2
Sty = Y B(i2,@j1,0)a] 5,800 - (4.9)
U,Otyjl,jz

Here, & means “not o” and
. . 1 [Lao o1+l 4%
B(ja2, 095 51,1) = 5/0 dz [(-1)*+¢5%;,(2) $aj (2)
+(=1)%2 g4, () $s;(2)] . (4.10)

We have obtained the desired “semi-diagonal” form of 7. Using é# = é7¢ + 671 and
assuming that g is small, we express the Hamiltonian in terms of one non-perturbative

piece, Hy, and two perturbative pieces, H} and H{:

Hy = Y E(j)aly,ti00 + Uliio - p/2)?,

G,0,5
Hy = =) t(j)(al,a50 +He),
o,
HE = U(no — p/2)60 4 Uba(hg — p/2) + U(67). (4.11)

As in Chapters 2 and 3, the fractional peak splitting is determined from f(p), where

f() < A0 = AG)

i) = =73 (4.12)
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and A(p) is the energy shift of the ground state of H}, due to the perturbations Hp
and H{ for the given value of p, where 0 < p < 1 and the total number of particles in
the double-dot system is even. The quantity [lim,,_,l f(p)] equals the fractional peak
splitting f.

Eq. 4.12 tells us that we are only interested in relative energy shifts. Consequently,
we can ignore terms such as (0|U(§7)?|0) that are independent of p. (Here the brackets
indicate an expectation value taken in the ground state of H 0-) Another set of irrevelant
terms are those of the form (0|U (7o — p/2)67/0), which are zero due to the symmetry of
the ground state with respect to interchange of the two dots. Finally, terms that contain
H7 are also negligible because #(j) goes to zero with the reciprocal of the system size
and, unlike 67, H only connects each state to one other, rather than connecting each
state to a manifold of others (see Chapter 2 for a similar situation with regard to odd
orders in the transfer-Hamiltonian perturbation theory). After the above terms are
omitted, it is apparent that the leading perturbative energy shift comes from the term

that is second order in H &- To lowest order in 67, this term is

- 2
@), = _772 . (o — p) .
A (p) U <0‘6nP0“—H6_E6(p)P06n

0> , (4.13)

where Eq(p) is the energy of the ground state of H}, and where Py is the operator that
projects out the unperturbed ground state. A(z)(p) can easily be seen to consist of
two distinct parts: a term second-order in §#¢, which involves hopping between states
semi-localized on the same dot, and a term second-order in 0fr, which involves hopping

between states on different dots.

With Eq. 4.13, we have completed our tour of how to use the stationary-state ap-
proach to find both the interdot channel conductance g and the fractional peak splitting
f. In order to progress further, we must adopt a model for the barrier that gives the

energy dependence of the elements of §# (recall Eqgs. 4.9 and 4.10).
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4.3 Splitting and Conductance for a Parabolic Barrier

We assume that the barrier in the interdot tunneling channel can be reasonably modeled
by a parabolic one. For an energy barrier with peak height Vp, such a model is plausible
when Vo ~ Ep > U, which is the regime of experimental interest [104]. The formula

for a parabolic potential V(z) centered at the origin with half width £ is the following:

Vo (1-%) if 2| < /3¢

0 otherwise.

V(z) = (4.14)

A crucial energy scale for this barrier is the harmonic oscillator frequency w of the

inverted parabolic well. This frequency is given by the formula

_(_ 1\ (rh)?
fw = (ﬂ'\/i) mE (4.15)

where 27 /Ay = /2mVy/h? and m is the effective mass of the electron.

The problem of transmission through and reflection from a parabolic barrier is
well known and exactly solvable [105, 106]. The solutions are parabolic cylinder func-

tions [107], and the dimensionless channel conductance is given by [106, 108]

1
g= T e 2@n) (4.16)
where Ef is the Fermi energy and
E-V
E)= . .
y(E)= = (4.17)
From these equations, it follows that
(Vo—Ep) _ 1 1-g
=) (4.18)
and, for g < 1,
(Vo — EF) 1 (z\v)
~ — ) |Ing|. 4.19
7 AW |Ing| (4.19)
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Equation 4.19 tells us that, even for experimental systems [19, 43, 44, 45] in which
§ is quite small ({ ~ Ap), E is close to Vg for |Ing| < 27%v/2. Thus, the assump-
tion of a parabolic barrier appears reasonable for any measurable value of the interdot
conductance.

We now consider the sizes of the various energies that appear in our peak split-
ting calculations. Equation 4.16 indicates that the energy scale W for the variation of
transmission probabilities is fuw/27. Recalling our discussion in Sec. 4.1, we have

U 20U
T (4.20)

As observed in Chapter 2 and other previous work [45, 51], for symmetric dots, U equals
e?/(Cs + 2Cint), where Cyx; is the total capacitance of one of the two dots and Cint is
the interdot capacitance. The energy scale fiw is, by comparison, only roughly known.
From the fact that the barrier height V; is approximately equal to Er, we know that
Av = Ap. For £, we can use the “device resolution” d, which is the distance between
the surface metallic gates and the two-dimensional electron gas (2DEG) and is typically
on the order of 100 nm. The fact that the approximation ¢ ~ d should be accurate
safely within a factor of 2 can be surmised from calculations such as that of Davies and
Nixon [109] in which they show that the potential profile induced in a 2DEG by a narrow
line gate has a half width at half maximum that is approximately equal to d [110, 111].
In the AlGaAs/GaAs heterostructures of Waugh et al., Crouch et al., and Livermore et
al. [19, 43, 44, 45, 46], where d is fairly small, about 50 nm (approximately one Ferrﬁi
wavelength), further circumstantial evidence for £ ~ d comes from the fact that the
space between the gates that form the interdot barrier is about 100 nm (see Chapter 2).
It follows that, for these experimental systems, Aw is approximately 0.2Fr. On the
other hand, U is about 0.03EF, and, therefore, to within a factor of 2, 27U/ hw ~ 1.
For different systems in which the Fermi wavelength is still about 50 nm but the gates
are further from the 2DEG [93, 112], the ratio 27U/hw is presumably even larger.

Consequently, we expect it to be quite generally true that the ratio U /W =2nU/hw is




4.3 Splitting and Conductance for a Parabolic Barrier 131

greater than or approximately equal to 1.

On the other hand, since, in the sorts of experimental situations with which we are
primarily concerned [19, 43, 44, 45, 46], both W/Eg and U/Er are much less than 1, we
are justified in linearizing the single-particle energy spectrum about the Fermi surface,
taking E(j) = Er + hvplk(j) — kr], where k(j) = \/2mE(j)/R2.

We must now calculate |B(jz, a9 j1,1)| when j; # jo. We avail ourselves of the
exact, real solutions for the wavefunctions ¢p;(z) in the presence of a parabolic poten-
tial [106, 107] ( P is the parity index, which we set equal to 0 for symmetric wavefunctions
and 1 for antisymmetric wavefunctions). Connecting these to the corresponding sinu-

soids, we find that, for z > v/2¢ and Lo > &, the eigenfunctions are approximately

V LdOt ’ .

where yp; = y(Ep;) and k(yp;) = \/2mEp(j)/h?. The hard-wall boundary condition

then demands that there be an integer n such that the quantity in brackets equals
(2n 4+ 1)w/2 when & = Lgot.

As for the phase yp(y) itself, it can be written in the following general form:

1p(y) = (-1)PR(y) + D(y), (4.22)

If the connection to the sinusoids is made using the leading large-z forms for the

parabolic cylinder functions [106, 107], R(y) and D(y) are given by
R(y) = %arctan(e"y),

D(y) = glareT(1/2iy)+ yIn(4rv3E/Av)] + Do, (4.23)

where Dy is independent of y.
Returning to Eq. 4.10, we find that, if we restrict the integral to z > /2¢, we have
B~ (1) S01D() = D()] cos[R(ys) + B(y)]
2(k2 - kl)Ldot ’

1 cos[D(y2) — D(y1)] sin[R(y2) + R(w1)]
2(kg — k1)Laot ’

B ~ (-1)*

(4.24)
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where the bar of B’ indicates that this is the term that moves electrons from dot a
to dot & and we have anticipated a continuum limit in replacing yp; and k(yp;) by
¥ = y[E(5)] and k; = k(y;).

In the calculation of B’ and B’, we have neglected the integration over the region
|z} < v/2¢. The results can therefore be expected to involve errors of order £/ Lgo; when
compared to the actual values of B and B. For B’, this is not too much of a concern
since, when both k; and &y approach the Fermi energy, the numerator of B’ goes to

- /9 and the denominator goes to zero. Thus, for non-infinitesimal g, if we restrict our
wave-vectors to a range about the Fermi surface such that |k;—kp| < 1/¢ (in which case
cos[D(y2) — D(y1)] can be approximated by 1), corrections to B’ should be relatively
small. '

In contrast, the term B’ is a bit more problematic, for its numerator goes to zero
as (k2 — k1)§. Consequently, near the Fermi surface this term is of the order of the
error, and to obtain a reliable result we must complete the integral numerically, using
the parabolic cylinder functions in place of our sinusoids when |z] < V2¢. We then
find that the form for B’ approximates the magnitude of the actual value of B if, after
approximating cos[R(y2) + R(y1)] by 1, we replace [D(y;) — D(y1)] with k(y2 — 1),
where k >~ 0.1 for g ~ 0.1 and k — 0 as ¢ — 0. Our conclusion is that

B ~ -1 a+1 gl[,‘;_(yi—_yl_ﬂ ,
(-1) 2(kg — k1) Laot

5 ot1 SIN[R(y2) + R(y1)]
B (-1 2(k2—2k1)Ldot '

(4.25)

We can now calculate the leading parts of the energy shift A(p). The contribution

from hopping between states on the same dot is given approximately by
Up*\ Na (27U [° Y2 sin?[k(y; — 1))
AY :-<—) < ——/ d/d ,
C (p) 4 7T3 m‘) _Yl 3/1 o y2 (y2 _ yl)s

where the y;’s are now measured relative to yp (i.e., i — y; + yr). The contribution

(4.26)
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from hopping between the dots obeys

N U? /O _‘”c_lfA4d_l‘:2_ Sin2[R(thk2/ﬁw) + R(thkl/h“’)]
4 JaaT™Jo T (kz = k1 )?

aAPp) = -

(1-p)?
X {th(kz —k1)+U(1-p) +lp— —p]} (4.27)

where R(y) = R[y(Er)+y] and the bracketed expression p — —p stands for the quantity
obtained by replacing p by —p in the previous term. In Eqgs. 4.26 and 4.27, ultraviolet
cutoffs ¥, and A, have been inserted in recognition of the fact that our formulas for the
integrands break down at some distance Y, or A, from the Fermi surface.

For the same-dot-hopping shift A(Cz), the presence of such cutoffs is essentially irrel-
evant since we find this term to be effectively negligible no matter what the choice of
Y,. In particular, even when the cutoffs are taken to infinity, this segment of the energy

shift produces a contribution to f(p) (recall Eq. 4.12) that is bounded by the following

formula:

. Nap? (2xU |
Jolp) S & (—%—) (4.28)

The real contribution is perhaps substantially smaller than the bound because the in-
tegrand of Eq. 4.26 is systematically too large for the infinitesimal-transmission states
that correspond to |y1| 2 1.

In any case, it is clear that the contribution to f(p) from same-dot hopping is
essentially negligible. For Ng, < 2 and (27U/hw) < 10, fo(p) is extremely small and
essentially constant in g. Under such circumstances, it does not significantly affect even
the quantitative results. When (27U/hw) 2 10, on the other hand, it can be relatively
large. Nevertheless, it remains unimportant, for in this regime we can only obtain
qualitatively good results for the value of AS_,? )(p), and, qualitatively, the upward shift
of f (p) induced by same-dot hopping merely reinforces the effect from hopping between
the dots. |

We now consider the cutoffs A, and their impact upon our understanding of the

interdot-hopping result. Since the integrand in Eq. 4.27 is reliably precise only when
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k1 and k; are within 1/¢ of kg, the ultraviolet cutoffs should be chosen such that
A, ~ 1/€. Tt follows that, to capture with quantitative precision the leading behavior
of the peak splitting for g < 1, the set of wave-vectors within 1 /€ of the Fermi surface
should encompass the range of energies in which the quantity };’,(E) is rapidly growing.
Consequently, the set of wave-vectors must extend at least to krp+ko, where E(kp+ko) =

Vo. From Eq. 4.18, we see that the identity ko = (Vo — Er)/hor yields

kof = N_ (1 g). (4.29)

If we require that ko€ < 1, we see that, for ¢ < 1, we must have |Ing| < 27v/2. Thus,

we have a lower bound on the values of g for which our approximations are reliable.
Fortunately, the lower bound is very small, and the requirement is only that g > 10~%.
We are now prepared to calculate Ag,? )(p). After a switch to the dimensionless

variables z, = (—1)"hvgk, /U, Eq. 4.27 reduces to

) ~ _NalU /’“ X2 T(z1, ;) o
Ar'lp) = - o) Az~ Pymny [p—~pl, (4.30)

where X, = hvpA, /U, the symbol 2 signifies equality modulo terms that are indepen-

dent of p, and the quantity T(:z:l, T3) is given by
T_(xl,m) = sin?[R(Uzo/hw) + R(~Uz /hw)]. (4.31)

To obtain a result with negligible dependence on the cutoffs Xr, we must have y, > 1.
On the other hand, to ensure that the answer is quantitatively reliable, we need A, < 1/¢
or, equivalently, X, < hvp/UE. Thus, as promised, we can only expect Eq. 4.30 to
give quantitatively reliable results for U < hwvp/¢; i.e., for 27U [hw < 27/2, where
21/2 ~ 9.

Having dealt with the issue of the ultraviolet cutoffs, we can now go about the
business of evaluating the right side of Eq. 4.30. From the identity 7(0,0) = g, it
follows that the limit 27U /Aw — 0 yields the zero-width (¢ = 0) linear-in-g equation for

A(2)( p) that was previously derived via a transfer-Hamiltonian approach [51, 52, 53, 54].
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In contrast, in the limit 27U /fw — oo, the energy shift given by Eq. 4.30 is independent
of the interdot conductance for g a finite distance from both 0 and 1. The constancy of
the shift follows from the fact that, except when g equals 0 or 1, T(z1, z2) is always 0.5
within the bounds of integration, and the relevant parts of the energy shift are therefore
the same as for (2rU/hw) = 0 and g = 0.5. It should be re-emphasized, however,
that such a result for the limit 27U/hw — oo can only be expected to be qualitatively
correct.

What happens when the barrier width £ is between 0 and co? By performing two
partial integrations of the righthand side of Eq. 4.30 and dropping terms that go to zero

as the cutoffs A, become infinite, we find that

Mg (1~ pyIn(1 - p)

T
Na %, |0T(z1,0)
T3 /0 de; [6—zlh(p,w1,0)

fOp) =

Na % |0T(0,22)
+—3 [ doa B h(p,0,22)
Ng [ X2 92T(zq,22)
+ ?/0 dz,y A dzy —85:1(')—:1:2— h(p,z1,2)
+ [p— —pl, ' (4.32)

where h(p, z1,22) = (22+21+1-p)In(z2+ 21 +1—p). The first term on the righthand
side of Eq. 4.32 is the zero-width result. The other terms, which go to zero in the limit
& — 0, are the corrections due to a nonzero width.

Numerical evaluations of Eq. 4.32 are plotted in Fig. 4.2(a) for several values of
the parameter 27U /fw in addition to the analytically derived results for the limits of

zero-width and infinite-width barriers. A curious feature of these curves is that the

‘corrections to the zero-width behavior are antisymmetric about g = 0.5, a property

that can be demonstrated by considering what happens to the integrands under the
transformations g < (1 — g) and z; < z2. Though the antisymmetry is suggestive, it

must be remembered that f~(1)(p) is only the leading term in a perturbative expansion
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about g = 0. The small positive contribution to f(p) that comes from the formula
for the same-dot-hopping shift Ag ) breaks this antisymmetry, and other higher-order
corrections are likely to do the same. Nevertheless, some sort of rough antisymmetry
about g = 0.5is probably preserved, for, just as we find that, at small g, f(p) is enhanced
by hopping connections to states with large transmission amplitudes, so we can expect
that, at large g, f(p) is diminished by the fact that many of the occupied states from
which one hops have transmission probabilities that are less than g.

Such musings aside, we can gain further insight into the nature of our result for
f (1(p) by making a rough analytic approximation to the righthand side of Eq. 4.32. To

do this, it is best to return to Eqs. 4.12 and 4.30 and to derive the equivalent expression

2N, X1 X2 T(zy,2 )
#1) chP / d 1,22
fe) = 4o o Catmt D@t tl-p) et tits)
(4.33)

We then postulate that, for small g, the magnitude of the f(l)(p) is largely determined
by the portion of the integral that corresponds to T3 2 o, where 2o = hvpko/U (recall
ko‘ from Eq. 4.29). For z; in this range, T(z1,23) is on the order of 1 and therefore
much larger than T(0,0) when g < 1. We label this high-energy portion of the double
integral as f}(lg)(p) Since, in this part of the integral, T(ml,xz) varies relatively slowly
between 0.15 and 0.5, we approximate it by a constant C'y, where we take Cy = 0.25.
For zo 2 1, we can drop the p’s that appear in the integrand of Eq. 4.33. We then

obtain

Rep(P) ~ Eg(;—hi—r) (4.34)

From the identities f = f(1) and z¢ = (Aw/27U)In[(1 — g)/g], we conclude that

f(l) N 2rU [ hw
hep 472 ) |Ing| + 27U /bw *

(4.35)

This rough approximation to the leading behavior of the fractional peak splitting is
only valid when zo 2 1 and ko < 1/€. The condition on o is necessary to justify drop-

ping the p’s from the integrand in the high-energy portion of the double integral. The
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Figure 4.2: (a) Plots of the leading g — 0 term of f, the fractional peak splitting, as a
function of g, the dimensionless interdot channel conductance. Each curve corresponds
to a different value of the quantity 27U /Aw (see legend on right). All curves are for the
case of two interdot tunneling channels, N4, = 2. The upward sloping solid line is the
linear-in-g result that comes from considering an interdot barrier of effectively zero width
(27U /hw = 0). The dashed and dot-dashed curves show the f-versus-g dependence for
finite-width barriers with 27U /fw taking on values from 0.5 to 32. The horizontal solid
line gives the leading term in the fractional peak splitting for an infinite-width barrier

27U /hw — o0). The curves can only be expected to be quantitatively accurate when
2nU[hw < 10. (b) f-versus-g results for the full domain of g when Ng, = 2. The solid
lines are the complete zero-width results in the weak and strong-coupling limits. These
results contain both leading and subleading terms.® The plot for the leading zero-width
term in the weak-coupling limit (¢ — 0) is included as a dot-dashed curve. The small-
dashed curve that extends from (g, f) = (0,0) to (g, f) = (1,1) is an interpolating curve
that is derived from the zero-width results. The long-dashed line is the 27U /hw = 1
curve from Fig. 4.2(a). The stars, triangles, and squares symbolize different sets of
experimental data [43, 44, 46], the squares being the most recent [46].
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condition on ko validates the approximate values for the magnitudes of |A(j2, az; j1, ay))
that we use throughout our calculation. The two restrictions together mean that the
range of reliability for our approximation to f}ﬁ% is given by

2nU

5 Sihg|S2mv2. (4.36)

For 27 U/Aw = 1, our approximations are good for g between a couple tenths and a few
ten-thousandths.

It is instructive to compare our result for f}(lll)) with the zero-width fractional peak
splitting, féi)o. From Eqgs. 4.1 and 4.35, we see that, for 27/ /hw = 1, the ratio f}(li]),/ fg(i)
is about 0.6 when g = 0.1 and about 25 when g = 0.001. For very weak coupling
(9 < 0.1), the correction to the £ = 0 result is proportionately very large, and, as
g — 0, it dominates the behavior of the peak splitting. On the other hand, as ¢
assumes more intermediate values (g ~ 0.1), the results for £ = 0 and € # 0 converge.

A direct comparison of our results for flsil)) with the full numerical results for f(1),
which are plotted in Fig. 4.2(a), confirms that flg; does indeed capture the essential
f-versus-g behavior, particularly as 27U /hw becomes larger and the exponential en-
hancement of the tunneling amplitudes becomes more important. The sharp increase
in slope as ¢ — 0 can now be understood as resulting from the fact that, in this limit,
the high-energy portion of the peak splitting is proportional to (27U /Aw)/|Ing|. This
proportionality also explains why the increase in slope as g — 0 becomes less dramatic
as 2rU/hw decreases. The success of our rough analytic approximation supports the
supposition that, for small g, a substantial portion of the peak splitting comes from
tunneling into virtual states lying near or above the top of the barrier.

Turning to Fig. 4.2(b), we now examine the significance of the calculated finite-width
corrections in the context of what we know about the f-versus-g curve in the entire range
from g = 0 to g = 1, and we consider the implications of these corrections for the relevant

experiments [19, 43, 44, 45, 46]. The long-dashed curve in Fig. 4.2(b) is the curve from
Fig. 4.2(a) for the value 27U/hw = 1, which we believe to be appropriate for the cited
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experiments. The dot-dashed line is the leading-order-in-g, zero-width curve, which
also appears in Fig. 4.2(a). The small-dashed curve in Fig. 4.2(b) is an interpolation for
the entire zero-width f-versus-g curve. This interpolation has been designed to métch
both the second-order-in-g calculation of the fractional peak splitting for weak coupling
(g ~ 0) and also the two-term calculation for strong coupling (¢ ~ 1), which were
obtained in Chapter 3 and are shown as solid curves in Fig. 4.2(b). The stars, triangles,
and squares represent different sets of experimental data.

For the particular value of 27U /fw that is illustrated in Fig. 4.2(b), we see that,
although the finite-width correction to f changes the answer by a large factor in the
region of small g, the correction is small on an absolute scale. The difference between
the dashed curve and the dot-dashed curve never exceeds 0.02 and therefore causes
only a small cerrection to the overall shape of the f-versus-g curve. Qualitatively, the
correction due to the finite thickness of the barrier is quite similar to adding a small
constant to f near g = 0 and then decreasing the slope of the f-versus-g curve at small
g. This qualitative similarity follows from the fact that the region where f drops rapidly
to zero, at very small g, is almost invisible in the plot. Consequently, the correction to
the zero-width curve might be hard to distinguish from the effects of a small interdot
capacitance, which have already been included in analyzing the data. We therefore
conclude that introduction of the finite thickness correction has little effect on the
agreement between theory and the existing experimental data, for which 27U /fw =~ 1.

Nevertheless, such corrections may be important in future experiments.

4.4 Conclusion

By developing a new approach to the coupled-dot problem that relies upon the non-
interacting, single-particle eigenstates of the full coupled-dot system, we solve for the
leading correction to zero-width, weak-coupling results that were derived in Chapters 2

and 3. The nonzero barrier width £ and finite barrier height V, mean that the off-
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diagonal “hopping terms” vary exponentially with the energies of the states they con-
nect. For a small interdot channel conductance (g < 1), the resulting enhancement of
tunneling to “high-energy” states above the barrier leads to an increase in the magnitude
of the fractional peak splitting f observed at a given value of g. For a parabolic barrier,
the magnitude of this increase grows with the value of the ratio 2rU /fw, where U is the
interdot charging energy and w is the frequency of the inverted parabolic well. Except
in a very small region near g = 0 where f behaves like (2rU/Fw)/|1ng|, the increase in
f is accompanied by a decrease in the slope of the f-versus-g curve. The effect upon the
overall shape of the f-versus-g curve is not very substantial for experiments in which
(2rU/Aw) =~ 1 but could be crucial in interpreting experiments involving significantly

wider barriers.

One might worry that the finite-width corrections to higher-order terms in the weak-
coupling expansion could lead to a more dramatic alteration of the f-versus-g curve.
However, the corrections to such “large-g” terms should be muted by the fact that, as
g increases, there is less difference between tunneling amplitudes between states at the
Fermi energy and tunneling amplitudes between a state at the Fermi energy and a state

lying above the barrier.

A more vital source of concern might be the treatment of the electron-electron
interactions in the vicinity of the barrier. Clearly, the use of a sharp step function in
the equation for 7 (recall Eq. 4.8) is an artifice. A more realistic model §vould account for
the fact that, though electrons in and about the interdot channel still repel one another
locally, their interactions with the rest of the electrons in the system are screened by

the surface gates.

Finally, one might wonder whether higher-order corrections to f preserve at least
a rough antisymmetry about g ~ 0.5. We have seen that the leading small-g correc-
tion, when directly extended to g = 1, changes sign and becomes negative for g > 0.5.

Although a proper calculation of the behavior at such large values of g requires consider-
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ation of higher-order diagrams, which we have neglected, we believe that the negativity
of the correction to f at large values of g is a generally right physical feature. When g
is large and the reflection probability at the Fermi energy is therefore small, the energy
dependence of the reflection amplitude, for £ # 0, should lead to a decrease in f as a

result of the enhanced reflection coefficient for occupied states lying below the barrier.
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Appendix A

Weak-Coupling Details

As described in Chapter 3, the procedure in evaluating the fourth-order energy shift is
to calculate the (Ng)? and Ng, terms separately. Calculation of the (Ng,)? terms is
facilitated by rewriting them in terms of two energy variables instead of four. Calcu-
lation of the Ng, terms is made easier by differentiating twice with respect to p while
performing the integrations over energy and then integrating twice with respect to p at
the end. Terms that are constant or linear with respect to p cancel in the final result,
the relative energy shift (Ag — A,), so we have not lost useful information as a result

of the double differentiation.
The “wrinkle” in these computations, the appearance of integrals of the form

Ry
P/ do 2E+B)
0 :L‘+A

is resolved by Taylor-expanding the logarithm about (z 4+ A) for (B — A) < |z + A| and
about (B — A) for (B — A) > |z + A|. For A < 0, one first breaks the integral into the
intervals (0,|A]| — €) and (|A| + €, R¢). After this, one proceeds as usual. The results
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are

Ry
P/ PR ChuE:) %1n2(R¢+A)-11n2A
0

T+ A
S E () - (2]

for 0 < (B—A)< A< (Rp+A),

2
- %ln2(R¢+A)—ln(B-—A)lnA-}-%lnz(B—A)+ =

Z( . [(BfA)n” (R%%Z)]

n=1
for 0 < A< (B-A)< (Ry+A),

= In(B - A)[In(Ry + A) — In A]

2S5 -5

for 0 < A< (RY+ A)< (B-A),

2

= SI°(RY~ |4~ In(B + [ADIn|4] + Tn?(B + |4 + T
21 4] \" (1"+1 B +]4\"
+;;5(B+|A|) Z n? (R¢-|A|>

for A<0< (B + |A]) < (Ry — |A)),

= In(B +[A])[In(Re — |A]) - In | 4[]

=1 1A\ CYANE RPN
+,;n_2(B+IAI) *Z (B+|A|)

for A< 0 < (R¢ |A]) < (B +|A4]).(A.1)

These five integrals are all we need. In confirming that the solution for (B-A4) < (Ry+

A) evolves continuously into that for (Ry + A) < (B — A), it is useful to recognize [85]




145

that
o n+1 7.[.2
Z ) = (A.2)
n=1

” we can proceed with a fuller

Having equipped ourselves to smooth the “wrinkles,
description of calculation of the fourth-order terms. The (Ng,)? calculation is reviewed
first. An illustrative segment of the N, calculation follows.

In Chapter 3, it was remarked that each of the (Ng)? terms could be written in

terms of two energy variables (e; = €3 — €1, €4 — €2) instead of the original four. The

“cost” of this conversion is the appearance of a nontrivial density of states:

€F €p w w w w
/ dq/ dq/ d€3/ desh(es — €1,€4 — €3) = / deg t/(q)/ denv(en) h(er, €m1),
0 0 €F (32 0 0

(A.3)
where v(€) is the density of states. For a system at or below half filling,
€ for 0 < € < €,
v(e) =9 er for ep < e < (W — €F), (A.4)

(W —¢) for (W —erp) <e< W.

(We need not worry about a system above half filling as such as system can be mapped
to one below half filling through an exchange of particles and holes.)

Using the new variables ¢; and €1, we can sum the integrands for the (Ng,)? terms
shown in Fig. 3.1 (the others are obtained by taking p — —p). If we drop the common
factor —Na,(t/6)*U,, the result is the following:

-2

Pt = A= e ¥ Ual = pllen + & + Ual@ = 27)]
2

(A.5)

* le1 + U2(1 = p)2[ent + U2(1 + p)llen + 1]

It is not hard to find relations such as

€F w
/ derv(er) / derr v(er)[heot (€1, €11, p) — hiot(€1, €11,0)] = 0
0 (32
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in the limit ¥ = W/U,; — oo. Accordingly, we need only calculate

3 132
/ derv(er) / dertv(em)hiot (€1, €11, p)-
0 0

The process of evaluating this double integral is lengthy but straightforward. The only
“wrinkles” that appear—integrals of the form of Eq. A.1—are no longer problematic.
The end result is Eq. 3.9.

We now move to consideration of the fourth-order terms linear in the number of
conducting channels. Recall that the (Ng,)? terms were added before the integrations
over energy were performed. This order of tasks is reversed for the Ng terms, the
computation of which revolves primarily about finding a favorable permutation of the
operations of differentiating and integrating with respect to p, integrating with respect
to the ¢th energy variable, and integrating by parts. Consequently, perhaps the best way
to describe the derivation of the Ny, contribution is to walk through the computation
of a single illustrative term. After seeing the methodology employed in calculating this
term, the tireless reader should have little difficulty in computing the rest,.

The representative term we choose is that corresponding to diagram 2 of Fig. 3.1(b).
This term involves an exchange of a pair of electrons and, consequently, picks up an

“exchange” minus sign. The diagram depicts the following sequence of events:

L. Electron 1 tunnels from dot 1 to dot 2, going from a single-particle state
with kinetic energy €; to one with kinetic energy €3. The energy of the
resulting double-dot state relative to that of the unperturbed ground state
is [e3 — €1 + Ua(1 — p)].

II. Electron 2 tunnels from dot 1 to dot 2, going from a single-particle state with
kinetic energy €; to one with kinetic energy 4. The system’s energy relative

to the unperturbed ground state is now [e4 + €3 — €3 — €1 + 2U5(2 - P)l-

III. Electron 2 tunnels back to dot 1, settling into the initial single-particle state

of Electron 1. The ensuing relative system energy is [e3 — €, + Ua(1 - p)].
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IV. Electron 1 tunnels back to dot 1, settling into Electron 2’s initial single-

particle state. The unperturbed ground state has been recovered.

With all the intermediate-state energies known, it is easy to write down the contri-

bution to the fourth-order energy shift:

O €1,€2 €3,64

(4) — 4 !
Aaall) = 3.3 o Ha
1

1
X X
[es+ €3 —€— €1 +2U2(2—-p)] " [e3— €1+ Ua(1 = p)]

(A.6)

The sums over €; and €3 extend from 0 to the Fermi energy €r. Those for €3 and €4 go
from ez to the bandwidth W. The sum over the channel index ¢ results from the fact
that Electrons 1 and 2 can share any one of the Ng, tunneling channels. Though the
formula contains such unphysical terms as that for which €; = €3, such terms are down
by factors of the level spacing § divided by FW or (1 — F)W, and their inclusion has

no effect in the limit W/§ — oo.

Accordingly, we can cease worrying about these terms, for we assume that 6§ < U < W,
a postulate that permits us to work in the continuum limit, replacing the sums in Eq. A.6

by integrals:

A(4) N i 4 epd epd Wd Wd 1
NawalP) = ¢(Q.A QL QLpQ[peﬂ%—Q+%ﬂ—M
1 1

(A7)

X X
s+ e —e2—€e +2U2(2-p)]  [e3— &1+ Uz(1 - p))

These integrals can be rewritten in terms of dimensionless variables z;:

-5 for i=1lor2
T; = 2 (A.8)
%}fﬁ for :=3o0r4.

With this choice of integration variables, it becomes clear that Agsc)h o(p) is linear in U,.




148 Appendiz A: Weak-Coupling Details

Specifically, we find that

t 4
A0 = N (3) Uax 1o, B0,

Fy Fy (1—F)¢d (l—F)wd 1
I(p, F,¢) = d d
(0, F¥) /0 “/o ”'”"‘/o ””3/0 “lestzat1-p)

1 1
]x‘[933+$1+1"l7]. (4.9)

X
[24 + 23 + 22 + 21 + 2(2 - p)

All the shuffling of notatation still leaves us confronted with a quadruple integral.
Opting to postpone a frontal assault, we try a sidestepping movement, computing the

partial derivative with respect to p:

Fep Fy (1-F)y (1-F)p 1 2 1
I”‘/o d/ d“/o "/ d””“([ T e T 12)’
(A.10)

where the subscript p signifies that 7, p is the partial derivative of I with respect to p and
the brackets on the right-hand side of the equation have the same contents in the same
order as those in Eq. A.9. As the third term in the integrand of Eq. A.10 differs from
the first only by an exchange of the indices 1 and 2, we can drop the third term and
double the first. When the enhanced first term is integrated by parts with respect to z,,
the products are two triple-integral terms and a quadruple-integral term that exactly
cancels the second term of Eq. A.10. With the definitions Ap = 0 and A; = Fvy, we

have

1 , F¢d (1—F)¢d (1~-F)y 1
I, = 2 -1 d
g Z( ) /o xl/o :v3/0 i [z3 + Ap + 1 - p]

p=0
1 1

X X .
[Cat+as+a1+A4,+22-p)] " [za+21+1-p]

(A.11)

Having benefited once from differentiation with respect to p, we try it again. The

second derivative of I with respect to p has the following form:

Fy (1-F)y (1-F)y 1 2 1
Ipp=2/0 d"“/(, d””3/0 d””“([ P I T ]2>’
(A.12)
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where the bracket contents correspond—in order of appearance— to those of Eq. A.11.
I,, lacks the convenient symmetry between first and third terms that was so handy
before. Nevertheless, integration of the first term by parts with respect to z3 still helps.

The triple integrals that result cancel the third term and half the middle term, leaving

1 1 Fy (1- F)¢
B (1)p+q
Le = 223 e | wI/

*Tatoit 4,15, +2(2—P)]{$1+Bq+1—/’]

R LT L 1
e [Man [ i [ i e

p=0
1

X )
[es+ 23+ 21+ Ap + 2(2 - p)?[z3 + 21 + 1 — p]

(A.13)

where By = 0 and B; = (1 - F)9.

We now straightforwardly integrate over x4, using the relation

1 1 (1 1
(z+a)z+b) b-—a\z+a z+b/)’

The result is that

1 1 1 r Fy
B (—1)ptatr+l In[z + A, + B, + B, + 2(2 - p)]
pp - ZE:E:EA A dz 4

o S o +B;+1-p z+By+1-p
L Fy (1-F)¢
(- 1p+q / / 1
2 d d
+ :L:B;OA +B,+3-p 1 st A, +1-p]

1 1
X - .(A.14
([z3+w1+1—p] [z3+ml+Ap+Bq+2(2—p)1)( )

Recalling Eq. A.1, we see that, as 9 — oo, the leading part of the first term in
Eq. A.14 behaves like [In? ¢/(A,+ B, +1—p)] and therefore goes to zero unless p = ¢ = 0.
The same is true for the second term—which upon integration over z; will have a form

like that of the first term. Hence, we can eliminate the sums over p and ¢ and, after
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integrating the second term over z,, have

1 Fy
_ 2 r+1/ Infz + B, +2(2 - p)]
Ly = 1_’);( 1) A dz z+1-p
1 1-F)y In|2tActl-p
2 r+1 /( [$+Ar+2(2—P)
+3_p§( 1) A dz —T1-7 (A.15)

We recognize that the second term is nontrivial only for = 0 and apply Eq. A.1 to
do the remaining integrations over z. After dropping terms that go to zero as ¥ — oo,

we arrive at the “final” formula for I op’

Ly = 115117)"'](2)

pp 2

2

5 X (—_1)n+1 n -
(1_2_,,) Iy = ln(ll-F]¢)1n(F¢)—%1n2(F¢)+;( 1)2 (fp) G

~In([t - FI$)In(i - p) - 2 1n%(3 - p) + In(3 - p) (1 — p)
o (D™ (15"
t2 n? (3 - p)

for F<(1-F),

= Fuw-Ay -3 I (5) - m - Py -

B %‘“2(3 —p)+In(3 - p)In(1~p) + ; - (1 - ,,)n

n? 3-p
for F>(1-F);
3=pP\ @ — 1. a(1-p) = (=D™! (1-p\"
(2 )1,,,, = & t+5h 37, ,; . =, (A.16)

Before undoing the differentiations with respect to P, we pause to remark on the
meaning that can be attached to the derivatives I,, and I,. The second derivative T 00
can be interpreted physically [after multiplication by NepUsz(t/6)%] as reflecting a change

in the effective differential charging energy U.g = 2[82E§0)(p)/6p2],,=o, where Eéo)(p)
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is the ground-state energy as a function of p for a given value of the dimensionless
channel conductance g. (One might choose to speak of an effective differential capaci-
tance [67] Cef = €2/2Ucq.) Similarly, up to a proportionality factor, the first deriva,ti\}e
I, can be understood as a tunneling-induced correction to an effective value for # (recall
Eq. 3.11) [67, 72, 73].

What is desired here, however, is I itself, I being proportional to contribution of
diagram 2 to the fourth-order energy shift (recall Eq. A.9). Integrating I,, twice with

respect to p gives us I up to additive terms that are constant or linear with respect to

p:
P 1
(o, F, ) = ao + arp + / doy / dey I,(23, F, ). (A.17)
0 0

As mentioned in Chapter 3 and at the beginning of this appendix, the unknown terms
(ao + a1p) are not relevant to our result. The a;p term is negligible due to the existence
of the mirror image of diagram 2, in which the roles of dots 1 and 2 are exchanged.
Such a switch of #; and 7, is equivalent —in calculating energies—to taking p — —p.
Consequently, when the total fourth-order shift is calculated, the a;p in Eq. A.17 cancels
with the —ajp from the mirror image. Likewise, the a¢ part drops from the final result
as we are only concerned with the difference between the energy shifts for arbitrary p
and p = 0.

The irrelevance of the ap and a;p terms tells us that we need only calculate I
modulo terms constant or linear with respect to p. In other words, we need only find

an equivalence class

I, Fo)2 [don [ dosLofaa, F9), (A.18)

where the congruence symbol indicates equivalence up to additive terms that are con-
stant or linear with respect to p. We are therefore free to drop any constant or linear

terms that crop up on the right side of Eq. A.18.
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Confident that we have figured out what we wish to do, we can return to the pedes-
trian business of doing it. We observe that the p-dependent sum in Eq. A.16 can be

written in a more integrable form:

Z (= 1)n+1 ( P) " Z (= 1)n+1 (%)n +In2[In(1 - p) —In(3 — p) + In 3]

n=1 -f
d 2—-z -1 1
+/de1n(3_z)(1_x+3_z). a9

Integration of I,(,,l,) and I,S,";) with respect to p gives

%Ifgl) = —In(l-p) [111([1— ]¢)1n(F¢)——1n2(F¢)+Z( 1+ ( FF)"

=
Z( 1)““"1 (‘) +ln2ln3}

+ %1112(1 = p)[In([1 - Fl¢p) —=In2] - = /pd“' 1‘1111(?_—;:”_)

? In(3-2)n(1 - 2) 1n(3 In(3 - z)
+/(; dz ln2/ dz (p —

11—z

° z1
p—T 2 Z9 -1 1
d dzso 1
+/0 mll—xl/o 2 n(3——x2)(1—x2+3-—z2)

for F<(1-F),

1 _ n
= —ln(l-—p)l: In?([1 - Fjy) — Z( 1)+ <1FF)

Z( 1)n+1 (—) +1n21n3} +...

for F>(1—F),

(A.20)
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T ® _1\yn+l n
2152) [~In(3 - p) + In 3] [_62__2( 2); (%) —ln21n3]

n=1

- ~1—[1n3(3 -p)—1n?3] - -1—111 2[In%(3 — p) — In? 3]
L1 / e ln2(1—a:) / de 1n(3—m)1n(1—:v)

—ln2/d 1n(1—~a:)

2—1,‘2 -1 1
_/0 4 3—931/0 42 ln(3—$2) (1—502 * 3—372)' (4.21)

The ellipsis in the second equation for I,Sl) indicates that the remainder of I ,(,1) for the

system above half filling is the same as the corresponding remainder for the system

below or at half filling.

In deriving Egs. A.20 and A.21, we eliminated a number of integrals over z;’s by

using an identity [86] that is easily derived for double integrals:

/Opdxlfozldmz flz2) = /Opdm (p—2z)f(z). (A.22)

Nonetheless, in the firal terms of 7, ,(,1) and I,(,z), double integrals remain. These can be
reduced to single-integral form with a little extra work. Defining L(™) to be the last

term of (1/2)I'™), we discover that

p 2—z -1 1 p 1-
1) — 2 — p
L /0 a2 ln(3—$2> (1‘“232 + 3—932) /mdzl (1 1—501)

/Opdm h‘(g:z) (1_—1:1: + 3 E :c)
x[o-2+0-pm(122)].

P 2—z -1 1
2 - _
L /deln(3—m>(1—x+3—x>

x [(p—-m)+(3-p)ln(§:5)}. (A.23)
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We perform the final integration over p to derive IY) and I®, where I & 1) 4 (@),

%I(l) ) (1 - p)ln(l _p) l:ln([l - F]¢)ln(F¢) - ~1n2(F’l,b) + Z ( ]_)n+1 (1 va>n

n=1
S (1 1y ]
5] +In2ln3+In([1 - Flyp) —1n2
2; (3) (L= Fl) -
13 203 _ 4
- %(1 =P = (1~ FI¥) =12 - 5 [da p - )2

, In(3 — z)In(1 ~ z) P In(3 - z)
+/0dx(p—x) T —1n2/0 dz(p—z) T

+(1_p)/0pdz ln(i:z)ln(g::) (1_—1:1; +3iw>
+/Opdw(p—w)1n<§:z) (1:190 + 3iw>

for F<(1-F),

R

(1~ )1n<1—p)[ n?([1 - Fly) - E( b (2 2a

+,§(—_2’T_] (g)"+ln21n3+ln([1—F]¢) —ln2:| +..
e (A.24)

R

%I@) [(3—p)In(3 - p) — 3ln3[ Z( 1)n+1 (—)n—ln2ln3]

+ 513 =PI*E = p) =33 - (3 - p) + 63— o) n(3 - p)
—3In®3+91n?3 — 181In 3]
+ lln 2[(3 - p)In%(3 = p) — 2(3 - p)In(3 — p) — 31?3 + 61n 3]

41 / dz (p - ln (1 In"(1-12) / d (p )ln(3 —;)_11;(1 —z)
ln(l - :z:)

—1n2/0 dz (p — 2)———=
- (3—P)/0pd:c ln(3:£> 1n(§:i) (1"_1$ + 3iw)
—/Opdx(P—m)ln(g:z) (1—_1z+3ix>. (A.25)
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We are essentially done. Upon multiplying the sum of I!) and I®) by N4,Us(2/6)%,
we have the relevant contribution from diagram 2 to the fourth-order energy shift. After
so much work, one might wonder whether we have achieved anything more. Providen-
tially, the answer is that, yes, we have. As explained earlier, we have also solved for
the contribution from the corresponding mirror-image diagram, which is obtained by
replacing p with —p in Egs. A.24 and A.25. Perhaps more surprisingly, we have solved
for the contributions from another pair of mirror-image terms. A swap of F and (1— F)
in Eq. A.9 turns it into the formula for the contribution from diagram 3 of Fig. 3.1(b).
Thus, exchanging F' and (1 — F) in Egs. A.24 and A.25 yields the contribution from
diagram 3. A further replacement of p with —p gives the contribution from mirror image
of diagram 3. The cost of calculating diagram 2 is high, but at least we benefit from a

package deal—4 for the price of 1.
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Appendix B

Strong-Coupling Detalils

This appendix consists of three parts presenting various calculations described or cited
in Chapter 3. The first part computes Sél), Sl(f), K (7), and K.(0), thereby producing
the results quoted in Eq. 3.29 and making explicit the origin of the factor e” that appears
in the prefactors of Eqs. 3.32 and 3.36. The second part of the appendix provides the
derivation of the first strong-coupling energy correction (see Eq. 3.35). The third part

derives the second strong-coupling correction (see Eq. 3.36).

B.1 Calculation of Charge-Channel Averages

The leap from Eq. 3.28 to Eq. 3.29 requires evaluation of the expectation values

D, = <cos [ﬁﬁc(f)+?§]> ;

[

D, <cos [ﬁOc(n) + 7;_P] cos [\/7_50,;(7'2) + 7r2_p] >c . (B.1)

il

~

(Recall that time-ordering is implicit in the path-integral definition of (A). in Eq. 3.26.)
The cosines and products of cosines can be written as linear combinations of terms of
the form e? , where Z is linear in the charge displacement operators 8(7) and the charge
displacement operators are themselves linear in boson creation and annihilation opera-

tors (see, for example, Haldane [57]). Therefore, one can apply a standard relation for
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the expectation value of the exponential of a linear combination of boson operators [55]
() = €37 (B.2)

which can easily be shown to hold for our charge-integration brackets with implicit
time-ordering.

Using Eq. B.2, we discover that

Dy = e”gKC(O)cos(%p—),

D, = %e_,r[xc(o>+xc(n—n)]COS(,F,,H%e—w[xcw)—mm—n)l, (B.3)

where K(7) is the charge-charge correlation function,
K (1) = (6:(7)0.(0)), . (B.4)

Eq. 3.29 of Chapter 3 follows immediately. We find Sl()l) by replacing cos[v/T0.(7)+mp/2]
in Sy with D;. For Sl()z), we recall that

([Sb — <Sb><:]2>c = <Sl§>c - (Sb}g

and apply the formulas for Dy and D, accordingly.
To get the formula for K.(7) (Eq. 3.30), we must labor a bit more. Because the
unperturbed action Sgc) is quadratic in charge displacement operators éc(wm), Séc) fits

exactly the form for the canonical action of a real scalar field [95]. Consequently,

4

<éc(wm)éc(—wn)>c = m Winwn (B.5)

From this identity and the relation between 6.(7) and its Fourier transform (recall

Eq. 3.20), we construct a summation formula for K(7):

1 e—z’wm‘r
K(t)= = _— B.6
= e (BS)

In the zero-temperature (8 — oo) limit, we may safely transform this sum into

an integral. Before doing so, however, we should note that, unless the Wy, POSsess an
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ultraviolet cutoff, K.(0) diverges logarithmically. The standard means of imposing such

a cutoff in Luttinger liquid theory [55] is to insert a factor of e~lm!l/W on the right side

of Eq. 3.20. This insertion generates a factor of e~2lem!l/W in Eq. B.6, yielding
or 2l
o0 dw e—iWTe— W
K.(1)= / —— B.7

which is equivalent to Eq. 3.30 in Chapter 3.
The way is clear for evaluation of the same-time corrrelation function K.(0). Af-
ter setting 7 = 0 in Eq. B.7, we integrate by parts and convert to the dimensionless

integration variable z = 2w/W. The result is that

_ 1 4U, 1 [ . 4U,
K.(0) = 7r1n<7rW) +7"-/0 dz e 11.(x+7rW)

00 AUy 7 W
= -——l—ln (ﬁ) + le(4U2/1rW) (/ dze “Inz — / dze ®In w}B.S)
™ W T 0 0

The first integral in the parentheses equals the negative of v, the Euler-Mascheroni
constant [85]. The second integral goes to zero as we take the limit W/Us — oo. In this
limit, the exponential factor multiplying the integrals goes to 1. The final result is the

following:

4e7U2) . (B.9)

1
KC(O) = —;r-hl( W

The derivation of Eq. B.9 shows that the coefficient €” comes from exponentiating
a secondary part of (6:(0)6.(0)). One might be concerned that Luttinger liquid the-
ory does not faithfully capture such subsidiary dependences [96]. However, Chapter 3
presents evidence that these coefficients are general and independent of the high-energy

band structure.

B.2 The First Strong-Coupling Correction

As stated in Chapter 3, in the limit of strong coupling (g — 1), the first correction (see

Eq. 3.35) to the open-channel (g = 0) ground-state energy is obtained by diagonalizing
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the Hamiltonian Hnew (see Eq. 3.31). This diagonalization can be accomplished through
another version of the “debosonization” procedure used by Matveev [34]. As we wish
to “debosonize” the action Snew = Sés) + Sl()l) (recall Eqgs. 3.23 and 3.29), it is useful
to observe that S((,s) corresponds to the Euclidean action for non-interacting fermions
on a semi-infinite lattice ending at = 0 [62]. For these fermions, we take 0s(7) to
correspond to the 2 = 0 value of the phase field, ¢5(1) = ®4(0,7), rather than the
¢ = 0 value of the charge displacement field 84(r) = ©4(0,7). Making 6s(1) = 0 the
boundary condition at the edge, we find that the properly normalized creation operator

for a fermion at z = 0 is given by

W
t — t\/'l?qbf(’r)
#(0,7) = | g €70 (8.10)

where, as usual, W is the bandwidth and v is the Fermi velocity [62, 55]. ¢}(0, T) can

be expressed in terms of reciprocal-space creation operators:

t 1"k ot
$1(0,7) = —E/_Adkfk. (B.11)

The fermionic energies are cut off in the usual way at W/2, the corresponding wave-
vector cutoff being A = W/2hvp.

After these machinations, “refermionization” proceeds apace. Since the unperturbed
action S(gs) is an action for non-interacting fermions, the unperturbed Hamiltonian Hés)
is simply the sum of the single-particle energies of those fermions. On the other hand,
the perturbation ngl) that corresponds to Sl()l) is a term linear in fermion creation and

annihilation operators. In particular, using Eq. B.9 to determine e—ch(O)’ we obtain

) A
Y = / ke Sife,

- 7y A
ngl) = Vcos(%) \/——"26 th' Uz/ dk(f£+fk), (B.12)
T —-A

Not being quadratic in fermion creation and annihilation operators, the fermionic

Hamiltonian we have derived is not yet in an easily diagonalizable form. To make it so,
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we follow Matveev [34] in defining a new set of fermion operators such that
fr = (d+ dVdy. (B.13)

Plugging this equivalence into Eq. B.12 yields Eq. 3.32.

One can now perform the Bogoliubov transformation that produces Eq. 3.33. To
find the correction to the open-channel energy, one notes that Hk()l) of Eq. 3.32 has an
expectation value of zero in the ground state of Hés), which is the open-channel (V = 0)
part of Hnew. Therefore, if the ground state of Hés) is represented by the ket |0),
(O] HNew|0) = Eo, where Eq is the ground-state energy for H(gs). From the diagonalized
form of Hnew (see Eq. 3.33), it is then deduced that the equation for (Enew — Ep) is the

following:
(1) A » ~ ~
Ay, (p) = —/D dk Ek(OIC’}:Ck + C};Ck|0) . (B.14)

At this point, it is necessary to know the exact equations for C and Ck. As found

by Matveev [34], for T = V2[8¢"U,/7?] cos®(np/2), they are

. dp +dt,
Cp = ——%,
k 7
d. —dt
Ci Sk 0k~ ok WL (44 dty

Jarr V2 EEET)

A dfk' dk' - dikl

r
w\/ﬁ,i-i-—I‘? p/_A €k — & ‘\/5 ’

As before, the symbol P indicates that only the principal value of the integral is com-

_I._

(B.15)

puted.
With the explicit equations for Cj and Cj before us, it is clear that, for k£ > 0,
C’kIO) =0, and

A
a8e) = - [ dkestoicicdo). (B.16)




162 Appendiz B: Strong-Coupling Details

Concentrating on what remains, we see that, for £ > 0, both the first term of Cy and

the &’ > 0 part of the third term of C} annihilate the Hés) ground state. Hence,

hvpl [ r /A dk’' [ dk"
0

OICICH0) 01+ d (oo + L 0]

2m (&} 4 12) whop k+K Jo K+ K"
hopT I? 1 1
—— ], 1
e e (5 ren) (317
Plugging into Eq. B.16, we find that
AW = L /Wﬂ Eedgy I /Wﬂ g
str\P) = o 0 6}3 +1I? T2 0 é‘z + I
L /W“ & dé
™o (Gt TG+
. (WL
= T4 \are 27
r w
= —5- [ln (ﬁ) + 1] . (B.18)

Here we have dropped terms that vanish in the limit W/U, — oo. Application of the
identity T' = V2[8e7U, /72 cos?(rp/2) yields Eq. 3.35.

B.3 The Second Strong-Coupling Correction

The second correction term in the strong-coupling limit (see Eq. 3.36) is derived by
treating Sl(,z) (see Eq. 3.29) as a perturbation to the system described by Hpew of
Eq. 3.31. Using the standard formula for the grand-canonical potential in the finite-

temperature path-integral approach [97],
Q—-Qp= —% Z(A]l connected graphs), (B.19)
we see that the lowest-order correction to the ground-state energy of Hyew is given by
AD(p) = lim =(New| S |New), (B.20)
B—co B3

where [New) is the ground-state ket for Hyey. The minus sign in Eq. B.19 has been
canceled by the minus sign that arises from the fact that this leading term from St(,z)

corresponds to a first-order graph and therefore carries a factor of —1 [97].
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Recalling Eq. 3.29 and observing that the parts of 51(32) that are independent of p
are irrelevant to calculation of the fractional peak splitting f, our immediate task is to

evaluate the quantity

- 2
X(11,73) = (g) ¢~K(0) cos2(”2—”) (New| cos[y/m84 (1 )] cos[y/T8s(7)]|[New) .
(B.21)
Under “debosonization” (see Part 2 of this appendix), this becomes
A A
X(r, 1) = A2 / dk, / dkz (New| [dL (d+4d1) + (d+ d'dg,
-A -A 71
x [dl,(d+dh) +(d+ dhdy,)  [New), (B.22)
™

where the bracket subscripts indicate that the enclosed operators are evaluated at imag-

inary times 7 and 79, respectively, and we have used

X =V cos(np/2)v/2e7hvpUs 73 . (B.23)

We are now within hailing distance of Eq. 3.36. Using the truncated equations
for C, and Cy (recall Eq. 3.34), we express the di’s in terms of these operators. The
subleading terms in this transformation are negligible as, in the end result, they take us
beyond second order in V. Similarly, the time-dependence of the operator sum (d + df)
is subleading as (d + d') first appears in the expansion of the diagonalizing operators
at order V; Accordingly, (d + dT) commutes with HNew to zeroth order and can be
considered time-independent. In contrast, from Eq. 3.33, we know that Cy(7) = Cre=%"

and Cz('r) = C,Ieﬁ“. Application of these insights to Eq. B.22 gives

A A
X(m,m2) = 2,\2‘/0 dk1/0 dk2(New|Ck1(Tl)C’}:2(7'2)|New)

W,
= 2_)‘1/ /2d£e—(71—72)€
h'f)F 0

222 1 — e—(n—‘rz)W/2
- (B.24)
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We now return to Egs. 3.29 and B.20. Switching to dimensionless variables z; =

7;W/2 and substituting for A, we obtain

sW/2 T
@)y — 72 en2(TP\ 80, /
Agr(p) = V*cos (2 ) W dzq A dz,

| = e~(erms2)
_ o~ TKc[2(z1—22) /W]
x(1-e ) - (B29)

We eliminate one of the integrations by expressing the integrand in terms of z = (21— z2)

and observing that in the double-integral the density of states for a given value of z is

(BW/2 — z):
(2) _ p2.2(TP\ 86U, [PV g —nKc(2z/w)] 1 — €5°
Ayr(p) = Vicos ( 5 ) W ) dz - ¢ [1 —e ] —}B—Qﬁ)

Transformation of Eq. B.26 into Eq. 3.36 follows recognition of the fact that, for z

on the order of fW/2, the integrand is effectively zero. This is known from the identity

2z 1 w ;
2y 2 (WU2/=W)(A+iz) i 1 (40, |2 W ;
K. ( ) = 71_Re {e 2 Ei[- (4Uz/7W) (1 +zx)]} ,

(B.27)

where Ei[—2] is the first exponential integral function [98]. For z > 1, Ei[-2] goes as
e~*/z. Therefore, the integrand goes to zero as 1/z2 for ¢ > 7W/4U,, and the region
z > W/U; makes a comparatively negligible contribution to the integral. This conclu-
sion corroborates thé statement made in Chapter 3 that the factor [1 — e=™Kc(2s/W)]
furnishes an ultraviolet cutoff on the order of ¥ = W/U,. Since we calculate in the limit
B — oo, we know that SW/2 > W/U, and, hence, that the integrand is effectively zero
for z on the order .of BW/2. We can approximate the weight function (8W/2 — z) by
(BW/2). The result is Eq. 3.36.
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